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The H0 Problem

4

Balkenhol + SPT Collaboration (2023)

These assume LCDM

There are other important, relevant, 
distance-ladder measurements, but the 
SH0ES work plays an essential role in 
raising this to the level of a “problem.”

 Cosmological-model-dependent vs. cosmological-model-independent 

(often stated as “Early vs. Late” )

This does not



Is it a problem for cosmology or 
for some subset of distance 

ladder practitioners?
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Questions the problem has led me to
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• What changes to cosmological models can lead to 
concordance?


• More generally: what is allowed by the CMB data and what is 
not?


• LCDM provides a good fit, but what else can fit?

• Can the CMB data accommodate H0 = 73 km/sec/Mpc?

• Can we accommodate


• Delta Neff = 2?

• Early Dark Energy?

• Non-standard recombination?

• Dark matter-dark radiation interactions, or other dark 

sector complexity?

• etc.


• What can we learn about these questions from the attempts of 
others to address the H0 problem? 

The Hubble Hunter’s Guide (LK and Millea 2020)



Our Recent Approaches to the question of 
what the CMB data allow and what they do not
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1.Pursuit of analytic understanding

2. Exploration of purely phenomenological high-

dimensional cosmological models
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Balkenhol+SPT (2023)

Bianchini+SPT (2020)

Phi Phi

We can calculate the spectra

Others have made the measurements


What’s left to understand?



Analytic Understanding 
Supports Model Building
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SH0ES (Riess et al. 2021)

Cepheid-calibrated supernovaeCMB-calibrated LCDM

Planck Collaboration (2018)

Rate of expansion today [km/sec/Mpc]
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SH0ES (Riess et al. 2021)

Cepheid-calibrated supernovaeCMB-calibrated LCDM

Planck Collaboration (2018)

CMB-calibrated LCDM

 + supernovae

Supernova 1a Absolute Magnitude
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Cepheid-calibrated supernovae
SH0ES (Riess et al. 2021)

Figure adapted from 
“The H0 Olympics: a 
Fair Comparison of 

Models” by Schöneberg 
et al. (2022)

Supernova 1a Absolute Magnitude
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SH0ES (Riess et al. 2021)

Figure adapted from 
“The H0 Olympics: a 
Fair Comparison of 

Models” by Schöneberg 
et al. (2022)

Cepheid-calibrated supernovae

Model of Cyr-racine, Ge, and Knox (2022)

This was a pay off for the analytic understanding we developed.



Light Relics: Definition and Motivation
• Light relic definition: Anything still relativistic at CMB decoupling 

and thermally or otherwise produced in the big bang. Examples:

• The 3K photon background

• The cosmic neutrino background


• Motivation

• Particle physics model building is constrained by our 

cosmological constraints on light relic densities

• Analytic understanding is an end in its own right

• Analytic understanding can be useful for cosmological model 

building

• Models with increased light relic densities can potentially solve 

the Hubble constant problem
14



Setting up our starting question
Our prior understanding of the origin of constraints on light relics
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LCDM Temperature power spectrum



if no photon diffusion



if no photon diffusion

percentage of energy density in relativistic matter

when oscillations begin (horizon crossing)

0        78         87         91        93         95    



The “potential envelope” of Hu & White (1997) if no photon diffusion

0        78         87         91        93         95    
percentage of energy density in relativistic matter


when oscillations begin (horizon crossing)



How to accommodate light relics

• Radiation driving effects ==> fix rho_m/rho_rad ==> increase cdm 
density


• Fix acoustic peak scale ==> fix r_s/D_{lss} ==> alter Lambda


• Fix photon diffusion scale ==> fix r_d/D_{lss} ==> alter Yp


• Fix light relic free-streaming effects ==> fix R_{fs} ==> introduce a 
mix of free-streaming and fluid light relics

Prior understanding

20



Follin, LK, Millea and Pan (2015)

Cosmological 
Whackamole


with Neff

1) To fix rho_m/rho_rad, boost rho_m (top panel)
2) To fix theta_s = r_s/D_{lss}, change Lambda (top panel)

3) To fix theta_d = r_d/D_{lss}, change primordial 

Helium fraction (middle panel)

4) To prevent oscillator amplitude change and phase shift*, 
include some fluid light relics to fix rho_{fs}/rho_{fluid} (not shown)
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*Bashinsky & 
Seljak (2004)
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Why are H0 and Neff still fairly tightly 
constrained even in a model space that can get 
the desired angular scales, matter to radiation 

ratio, and free-streaming ratio? 



A Scaling Transformation 
Symmetry
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Einstein and Boltzmann Equations
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Some of the Boltzmann 
equations for evolving spatial


perturbations as the scale 
factor increases

Everything is 
dimensionless* here 

except H(a), k, and the 
photon scattering rate

<latexit sha1_base64="rbEB6SVYCuhngn+ciToTi99uUnk=">AAACDnicbVDLSgMxFM34rPVVdekmWAp1U2ekqBuh6MZlhb6gU4Y7adqGJpkhyQhl6Be48VfcuFDErWt3/o3pY6GtBy4czrk3ufeEMWfauO63s7K6tr6xmdnKbu/s7u3nDg4bOkoUoXUS8Ui1QtCUM0nrhhlOW7GiIEJOm+HwduI3H6jSLJI1M4ppR0Bfsh4jYKwU5Ap+NzLYH0Icwxnga+xr1hcQpL4SuDbGMqBFOA1yebfkToGXiTcneTRHNch92XdJIqg0hIPWbc+NTScFZRjhdJz1E01jIEPo07alEgTVnXR6zhgXrNLFvUjZkgZP1d8TKQitRyK0nQLMQC96E/E/r52Y3lUnZTJODJVk9lEv4dhEeJIN7jJFieEjS4AoZnfFZAAKiLEJZm0I3uLJy6RxXvIuSuX7cr5yM48jg47RCSoiD12iCrpDVVRHBD2iZ/SK3pwn58V5dz5mrSvOfOYI/YHz+QMI/5rW</latexit>

̇/a = �Tne(a)

*we set c=1



Einstein  Equations
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Boltzmann Equations

These equations are invariant under a uniform scaling: 

(which  ensures                                       ) 
<latexit sha1_base64="y5agGAP0TqK8jD30DWX9AuBfcfc=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIUZdFN11WsA/oDCWTybShmWRIMkodunLjr7hxoYhbv8Gdf2Om7UJbDwQO59zDzT1BwqjSjvNtLS2vrK6tFzaKm1vbO7v23n5LiVRi0sSCCdkJkCKMctLUVDPSSSRBccBIOxhe5377jkhFBb/Vo4T4MepzGlGMtJF69lG9/HAKPUn7A42kFPfQYyYdIpgbPbvkVJwJ4CJxZ6QEZmj07C8vFDiNCdeYIaW6rpNoP0NSU8zIuOiliiQID1GfdA3lKCbKzyZnjOGJUUIYCWke13Ci/k5kKFZqFAdmMkZ6oOa9XPzP66Y6uvQzypNUE46ni6KUQS1g3gkMqSRYs5EhCEtq/grxAEmEtWmuaEpw509eJK2zinteqd5US7WrWR0FcAiOQRm44ALUQB00QBNg8AiewSt4s56sF+vd+piOLlmzzAH4A+vzB0lal74=</latexit>

H(z) ! �H(z)

==> for scale-invariant initial conditions, dimensionless observables are also  invariant

<latexit sha1_base64="L+9G5sg7vW6N0uDWz3Stt+Pb9uQ=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiZatBuh6MIuK9oHNCFMppN26GQSZyZCCd278VfcuFDErT/gzr9x2mahrQcuHM65l3vv8WNGpbKsbyO3tLyyupZfL2xsbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w6uJ334gQtKI36lRTNwQ9TkNKEZKS55ZrMML6Mh7odKqE1N47dzSfog8Ch0xiDx6fDr2zJJVtqaAi8TOSAlkaHjml9OLcBISrjBDUnZtK1ZuioSimJFxwUkkiREeoj7paspRSKSbTn8Zw0Ot9GAQCV1cwan6eyJFoZSj0NedIVIDOe9NxP+8bqKCqptSHieKcDxbFCQMqghOgoE9KghWbKQJwoLqWyEeIIGw0vEVdAj2/MuLpHVSts/KlZtKqXaZxZEHB6AIjoANzkEN1EEDNAEGj+AZvII348l4Md6Nj1lrzshm9sEfGJ8/92SZww==</latexit>

H =
p

8⇡G⌃i⇢i/3



A new symmetry of dimensionless cosmological observables 
(that are derived from the Einstein-Boltzmann equations)

29

This scaling transformation

A scaling of the amplitude can extend this invariance of observables to the case of 
initial conditions with a power-law power spectrum

leaves dimensionless cosmological observables invariant.
Cyr-Racine, Ge, and Knox (2022)

Distance ratios, CMB temperature and polarization maps and their 
power spectra, galaxy two-point correlation functions, cosmic 

shear maps, CMB lensing maps, … 

[See also Zahn and 
Zaldarriaga (2004) who 

considered a similar 
transformation w/o the 
scattering rate scaling]



How well does it work?

30

<latexit sha1_base64="FQfQVO+Uy1PSvg3OZk59zNUdNbY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiRS1I1QdOOygn1AG8pkMmmHTiZxZlIood/hxoUibv0Yd/6N0zQLbT0wcDjnXO6d4yecKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj+/mfmdCpWKxeNTThHoRHgoWMoK1kbw+N9EAoxvk2u6gWnNsJwdaJW5BalCgOah+9YOYpBEVmnCsVM91Eu1lWGpGOJ1V+qmiCSZjPKQ9QwWOqPKy/OgZOjNKgMJYmic0ytXfExmOlJpGvklGWI/UsjcX//N6qQ6vvYyJJNVUkMWiMOVIx2jeAAqYpETzqSGYSGZuRWSEJSba9FQxJbjLX14l7QvbvbTrD/Va47aoowwncArn4MIVNOAemtACAk/wDK/wZk2sF+vd+lhES1Yxcwx/YH3+AMg1kM8=</latexit>

� = 1.1

Perfectly!



How well does it work?
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<latexit sha1_base64="FQfQVO+Uy1PSvg3OZk59zNUdNbY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiRS1I1QdOOygn1AG8pkMmmHTiZxZlIood/hxoUibv0Yd/6N0zQLbT0wcDjnXO6d4yecKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj+/mfmdCpWKxeNTThHoRHgoWMoK1kbw+N9EAoxvk2u6gWnNsJwdaJW5BalCgOah+9YOYpBEVmnCsVM91Eu1lWGpGOJ1V+qmiCSZjPKQ9QwWOqPKy/OgZOjNKgMJYmic0ytXfExmOlJpGvklGWI/UsjcX//N6qQ6vvYyJJNVUkMWiMOVIx2jeAAqYpETzqSGYSGZuRWSEJSba9FQxJbjLX14l7QvbvbTrD/Va47aoowwncArn4MIVNOAemtACAk/wDK/wZk2sF+vd+lhES1Yxcwx/YH3+AMg1kM8=</latexit>

� = 1.1

Note: this scaling boosts light relic densities (and the Hubble constant) 

==> one can understand constraints on light relics as due to constraints 
that prevent one from following this scaling transformation



How well does it work?
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<latexit sha1_base64="FQfQVO+Uy1PSvg3OZk59zNUdNbY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiRS1I1QdOOygn1AG8pkMmmHTiZxZlIood/hxoUibv0Yd/6N0zQLbT0wcDjnXO6d4yecKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj+/mfmdCpWKxeNTThHoRHgoWMoK1kbw+N9EAoxvk2u6gWnNsJwdaJW5BalCgOah+9YOYpBEVmnCsVM91Eu1lWGpGOJ1V+qmiCSZjPKQ9QwWOqPKy/OgZOjNKgMJYmic0ytXfExmOlJpGvklGWI/UsjcX//N6qQ6vvYyJJNVUkMWiMOVIx2jeAAqYpETzqSGYSGZuRWSEJSba9FQxJbjLX14l7QvbvbTrD/Va47aoowwncArn4MIVNOAemtACAk/wDK/wZk2sF+vd+lhES1Yxcwx/YH3+AMg1kM8=</latexit>

� = 1.1

By the way…

<latexit sha1_base64="QL72iYp5rawaUmBa+XQzFj0OzjM="></latexit>

Zahn and Zaldarriaga (2004) previously studied{
p
G⇢i ! �

p
G⇢i, As ! As/�

ns�1}

(no Thomson rate scaling)
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Important constraint: we know the photon density today! 

See also: Ivanov, Ali-Haimoud 
& Lesgourgues (2020)



Constraints on FFAT Scaling

• FIRAS is the main challenge for free-fall rate scaling


• It has a number of consequences, chief among them: CMB 
spectra are very sensitive to rho_b/rho_gamma so can’t scale 
up rho_b by very much either


• Well-known atomic physics and primordial helium abundance 
measurements constrain scattering rate (T) scaling, but not as 
severely.

34

==> We are forced into  “incomplete” scaling transformations



Circumventing FIRAS

• Adding in dark photons instead of scaling up the (light) photon density would 
evade the FIRAS constraint


• Fluid —> free streaming at the same time ==> effectively mimic the scaling 
transformation.


• Adding in dark protons and dark electrons allows for dark recombination and 
dark last scattering, and completes the mimicking of the scaling 
transformation.


• Dark neutrinos would allow for scaling up the free-streaming light-relic density.

• Copies of the standard model have been invented for other, completely 

independent reasons. 35

With a Mirror World Dark 
Sector (cosmological 

whackamole on steroids?)
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LCDM + MWDS + Yp
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Why are H0 and Neff still fairly tightly 
constrained even in a model space that can get 
the desired angular scales, matter to radiation 

ratio, and free-streaming ratio? 



38Adapted from Ge, Cyr-Racine & Knox (2022)

MWDS + Yp Mix + Yp
Atomic dark matter ————-> fraction of cdm


Dark photons ——————> Dark fluid



Categorization of Causes of Light Relics Constraints

Rate ratio change

39

Quantitative Impact on 
CMB Power Spectra 

( )
<latexit sha1_base64="FQfQVO+Uy1PSvg3OZk59zNUdNbY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiRS1I1QdOOygn1AG8pkMmmHTiZxZlIood/hxoUibv0Yd/6N0zQLbT0wcDjnXO6d4yecKe0431ZpbX1jc6u8XdnZ3ds/qB4etVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj+/mfmdCpWKxeNTThHoRHgoWMoK1kbw+N9EAoxvk2u6gWnNsJwdaJW5BalCgOah+9YOYpBEVmnCsVM91Eu1lWGpGOJ1V+qmiCSZjPKQ9QwWOqPKy/OgZOjNKgMJYmic0ytXfExmOlJpGvklGWI/UsjcX//N6qQ6vvYyJJNVUkMWiMOVIx2jeAAqYpETzqSGYSGZuRWSEJSba9FQxJbjLX14l7QvbvbTrD/Va47aoowwncArn4MIVNOAemtACAk/wDK/wZk2sF+vd+lhES1Yxcwx/YH3+AMg1kM8=</latexit>

� = 1.1

10 to 15%

Prior literature

Hu & White (1996), Zahn & 
Zaldarriaga (2004), Martins et 

al. (2010), Hou et al. (2013)

Bashinksy & Seljak (2004), 
Follin et al. (2015), 

Baumann et al. (2016)

None

Zahn & Zaldarriaga (2004)


and now much better 
understood

5 to 6%

2 to 3%

1 to 2%

<latexit sha1_base64="meh19ayYR25y/Xct06qN+AcmtSw=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwISEpRV2WunFZwT6gCWEymbRDJ5k4MxFKyP+48Vdc6MIHbv0Pp4+Ftj1wL4dz7mXmniBlVCrb/jRKa+sbm1vl7crO7t7+gXl41JE8E5i0MWdc9AIkCaMJaSuqGOmlgqA4YKQbjG4mfveRCEl5cq/GKfFiNEhoRDFSWvLNZs2CLnQjgXDuygehclcMua97DAUKLyJZFMVKB0Yso6F2fbNqW/YUcJk4c1IFc7R889UNOc5ikijMkJR9x06VlyOhKGakqLiZJCnCIzQgfU0TFBPp5dNbC3imlRBGXOhKFJyqfzdyFEs5jgM9GSM1lIveRFzl9TMVXXs5TdJMkQTPHooyBhWHk+BgSAXBio01QVhQ/VeIh0jnpnS8FR2Cs3jyMunULOfSqt/Vq43mPI4yOAGn4Bw44Ao0wC1ogTbA4Am8gHfwYTwbb8aX8T0bLRnznWPwD8bPLyJqqOk=</latexit>

2.

p
⇢rad,fs

p
⇢rad,fluid

<latexit sha1_base64="8fqoYnzzuPByEzHxYrXY9KZGCE0=">AAACNXicfVC7TsMwFHXKq5RXgJHFokJiQFECFTBWsDAwFIk+pCaKHNdprdpJsB2kKspPsfAfTDAwgBArv4DbZoAWcSXbR+eca/ueIGFUKtt+MUoLi0vLK+XVytr6xuaWub3TknEqMGnimMWiEyBJGI1IU1HFSCcRBPGAkXYwvBzr7XsiJI2jWzVKiMdRP6IhxUhpyjevTyzoQjcUCGeuvBMqc8Ug9vXOIT+C+i4pU0HyPP9PZvrQFt+s2pY9KTgPnAJUQVEN33xyezFOOYkUZkjKrmMnysuQUBQzklfcVJIE4SHqk66GEeJEetlk6hweaKYHw1joFSk4YX92ZIhLOeKBdnKkBnJWG5N/ad1UhedeRqMkVSTC04fClEEVw3GEsEcFwYqNNEBYUP1XiAdIJ6h00BUdgjM78jxoHVvOqVW7qVXrF0UcZbAH9sEhcMAZqIMr0ABNgMEDeAZv4N14NF6ND+Nzai0ZRc8u+FXG1zcnY62W</latexit>

3.

p
⇢m,pressure

p
⇢m,pressureless

<latexit sha1_base64="jhz20MIn9l3k3W51i4+m9BQx/ZU=">AAACD3icbZC7TsMwFIadcivlVmBksahAZQkJqoCxgqVjkXqTmihyXKe1ajuR7SCVqG/AwquwMIAQKysbb4N7GaDlSJY//f85ss8fJowq7TjfVm5ldW19I79Z2Nre2d0r7h+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6HtxO/fU+korFo6FFCfI76gkYUI22koHjq2h70FO1zFGSe5LAxhmJGZFx+OIPnsGauoFhybGdacBncOZTAvOpB8cvrxTjlRGjMkFJd10m0nyGpKWZkXPBSRRKEh6hPugYF4kT52XSfMTwxSg9GsTRHaDhVf09kiCs14qHp5EgP1KI3Ef/zuqmOrv2MiiTVRODZQ1HKoI7hJBzYo5JgzUYGEJbU/BXiAZIIaxNhwYTgLq68DK0L2720K3eVUvVmHkceHIFjUAYuuAJVUAN10AQYPIJn8ArerCfrxXq3PmatOWs+cwj+lPX5A4hCmnA=</latexit>

1. �Tne(z)/H(z)

<latexit sha1_base64="Ul3qgBavVmAZcG3h+f6rdBteOpA=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJXKEhJUAWMFS8ci0YfURJXjOq1V24lsB6lE/QIWfoWFAYRYmdn4G9y0A7Qc6UpH59yre+8JE0aVdt1va2V1bX1js7BV3N7Z3du3Dw5bKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYejm6nfvidS0Vjc6XFCAo4GgkYUI22knl2uOj7MfMmhJDjmIRW54UOJNFETeAbrlYfTnl1yHTcHXCbenJTAHI2e/eX3Y5xyIjRmSKmu5yY6yJDUFDMyKfqpIgnCIzQgXUMF4kQFWf7OBJaN0odRLE0JDXP190SGuFJjHppOjvRQLXpT8T+vm+roKsioSFJNBJ4tilIGdQyn2cA+NSFoNjYEYUnNrRAPkURYmwSLJgRv8eVl0jp3vAunelst1a7ncRTAMTgBFeCBS1ADddAATYDBI3gGr+DNerJerHfrY9a6Ys1njsAfWJ8/FUCa3g==</latexit>

4. recombination rates/H(z)
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CGK 2022 model
Constraints 

from Planck + 
BAO in several 
model spaces

Figure adapted from 
Ge, Cyr-Racine & 

Knox (2022)
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F20 = constraints on 
Neff from BBN + D/H 

and Yp measurements 
(Fields et al. 2020)

A21 = measurement of 
Yp (Aver et al. 2021)

BBN Consistent Yp

Contours assume 
MWDS + free Yp



Our work has opened up a new 
path towards potential 

resolution of the H0 problem.

42
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Another way to boost the scattering rate



Why is the scattering rate 
scaling the same as the free-fall 

rate scaling? 

44

Question raised by Zhang and Frieman



My own take on our work (CGK and GCK)

• The scaling transformation symmetry is a useful aid to analytic 
understanding


• The model it led us to is quite baroque, conflicts with light element 
abundance data, probably requires changes away from standard BBN, and 
leaves the uniformity of T and FF scaling unexplained.


• Future developments could conceivably change this, but right now it is 
looking to be unlikely that nature is doing something like this.


• The CGK model is an existence proof though that one can make large 
changes to the underlying model and leave CMB (and other) observables 
invariant.

45



Recent Approaches to the question of what 
the CMB data allow and what they do not

46

1. Pursuit of analytic understanding

2. Exploration of purely phenomenological high-dimensional 

cosmological models



arXiv:1304.3724
Designer H(a)

Constrained by Planck 2013
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Generalized Dark Matter with “free” w(z)

Example

Figure from Michael Meiers
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“A Step in Understanding the Hubble Tension” (Aloni et al. 2022)
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“A Step in Understanding the Hubble Tension” (Aloni et al. 2022)
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Preliminary Step-like GDM results

-1 < w < 1
0.2 < w < 0.4
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Summary
• H0 problem is inspiration for understanding what the CMB data allow and what they do not, 

reminding us to make the most of this valuable natural laboratory.

• We are working on this via combination of pursuing analytic understanding and exploration of high-

dimensional model spaces.

• Starting from a very detailed question about constraints on light relics we found a uniform scaling of 

the rates in the problem leads to no changes to dimensionless observables. Things that prevent this 
scaling transformation lead to constraints on light relics.


• We connected with previous efforts in the literature. The importance of changing the fraction of non-
relativistic matter that is pressure supported had not been previously described (to our knowledge). 


• Focusing on the key rates in the problem has paid off for understanding light relics constraints. It may 
be helpful in a broader set of alternative cosmological models as well.


• Troubles: we boosted the scattering rate by requiring less helium than observed, and large light relic 
densities still have BBN issues. More moles to whack? Seems unlikely to be what nature is doing.


• High-dimensional model space exploration: volume effects are real and priors matter.
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