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The Cosmological constant:
Given the matter (and the dark matter) we know about, Einstein’s equations aren’t satisfied:

observed expansion history observed mass/energy 
(including dark matter)

Or alter right hand side:

“Mysterious dark energy”

Alter left hand side:

“Cosmological constant”

Easy to fix:
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Contributions to Lambda are expected

•Phase transitions:
�V

⇤phase ⇠ �V/M2
P

Observed Cosmological Constant is the sum of everything:

⇤observed = ⇤Bare + ⇤quantum + ⇤phase + · · ·

•Vacuum energy of quantum fields:

calculable contributions
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FIG. 2:
Typical diagram

s
of Set

I(h)
which

contain
eighth-order

vacuum
-polarization

diagram
s

Π (6,2)(q 2
). Thirty

diagram
s belong

to
this set.

the
virtual photon

is replaced
by

m
assive

vector bosons whose
distribution

is weighted
by

the
spectral function.

Unfortunately
this approach

is not fully
applicable

to
our problem

since
exact

spectral functions
are

known
only

for
Π (2), Π (4)

[17], and
Π (4,2)

[18].
Instead

of pursuing
the

photon
spectral function, we

therefore
follow

an
alternative

approach
[19]

in
which

eighth-order vacuum
-polarization

functions Π (4,4)
and

Π (6,2)
are

constructed
from

Feynm
an-param

etric integrals of Π (4)
and

Π (6), which
are then

inserted
in

the virtual photon

line
of the

Feynm
an-param

etric
integral of the

second-order anom
alous m

agnetic
m
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ent

M
(2). This procedure leads to

the formula
[19]
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where Π(q 2
) represents the vacuum

-polarization function inserted into the photon propagator
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•Bare CC: LUV ⇠ M2
P

Z
d4x

p
�g⇤Bare + · · ·

un-known contribution



The cosmological constant problem

really small

�
M2

P

� 10�122

⇤observed = ⇤UV + ⇤known physics + ⇤phase transitions + · · ·

• The cosmological constant is not calculable (relevant operator, sensitive to unknown UV 

physics)  

• Its observed value is small (not natural) 

• A small value is unstable under deformations of UV physics (not technically natural)

“not technically natural.”

Gerard 't Hooft

“not natural.”

Paul Dirac



Possibilities

•Anthropics  

•Sheer luck/no explanation

•Modified or additional dynamics (new DOF) 

•Calculation wrong (the rules of effective quantum field theory  
 are not what we think they are on very large scales)
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Lorentz invariance: degrees of freedom & interactions

spin (m>0) 0 1 2 s≥3

0 -1,0,1 -2,-1,0,1,2 -s,…,-1,0,1,…,sstates

0 1 2 s≥3

0 -1,1 -2,2 -s,s

helicity (m=0)
states

Theorems:  
•Yang-mills is the only way for helicity-1’s to interact at low energies 
•GR is the only way for helicity-2 to self-interact at low energies 
•Helicity ≥3 can’t interact at low energies  

Yang-Mills GR X
Interactions

Anything

• Basic principles: Locality, Lorentz-Invariance  ⟹

Anything ?
Interactions

Higgs 
mechanism

degrees of freedom are classified 
by mass and spin/helicity 

Eugene Wigner



Classes of models

Preserve Lorentz invariance? 

spin-0 spin-1
spin-2

galileons,  
Horndeski,  
 

TeVeS, 
Einstein aether,

massive gravity, 
bi-gravity,

Horava-Lifshitz, 
Lorentz violating massive gravity,

yesno

What spins to have? 

...

......
...

Preserve locality? 

yes
no

free-for-all



Scalars

Minimal new stuff: a single cosmologically relevant scalar



Horndeski theory Gregory Horndeski (1974)

Deffayet,  Deser,  Esposito-Farese (2009) 

L2 =
p
�g G2(�, X)
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Most general scalar tensor theory with 2nd order equations of motion

Similar Lagrangians exist with multiple scalars, vectors, etc.

Non-linear EFT parametrization of a single degree of freedom 



Horndeski theory



Graviton propagation speed: GW170817/GRB170817A

galaxy NGC 4993 
~ 40 Mpc distance

Binary neutron star merger



GW170817/GRB170817A
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Constraint on the speed of gravity

over a distance  40 Mpc �t . 1.7 s
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130 million light years

1.7 second delay

gravity waves

gamma rays

v = cg
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Constraints:
certain parameters and VEVs . 10�15
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single scalar not completely ruled out

Ezquiaga, Zumalacarregui 1710.05901

Creminelli, Vernizzi  1710.05877

Bettoni,  Ezquiaga, KH, Zumalacárregui 1608.01982 

(caveats: de Rham, Melville 1806.09417)



Spin-2:  massive gravity



Massive gravity: what about the massive spin-2 representation?  

Massive particle obeys the Klein Gordon equation: 

(⇤�m2) = 0

V (r) ⇠ M

M
2
P

1
r
e
�mr

, m ⇠ H

Extra DOF:  5 massive spin states as opposed to 2 helicity states

IR modification scale

Solution gives a Yukawa potential:

Maybe gravity is mediated by a massive particle:

graviton



Massive graviton: linear theory

Massive spin 2 particle:  5 degrees of freedom (as opposed to 2 for massless 
helicity 2)

Fierz-Pauli action:

L = �1
2
@�hµ⌫@�hµ⌫ + @µh⌫�@⌫hµ� � @µhµ⌫@⌫h +

1
2
@�h@�h� 1

2
m2(hµ⌫hµ⌫ � h2) +

1
MP

hµ⌫Tµ⌫

Einstein-Hilbert (massless) part.  
Gauge symmetry: �hµ⌫ = @µ⇠⌫ + @⌫⇠µ

Mass term breaks gauge symmetry.
Fierz-Pauli tuning ensures 5 D.O.F.

(⇤�m2)hµ⌫ = 0, @µhµ⌫ = 0, h = 0Equations of motion:

Fierz, Pauli (1939)



Linear solutions around sources

�N = �4
3

GM

r
e�mrNewtonian Potential:

Source

r ⇠ 1/m

r

Massless gravity vs. massless limit of massive gravity:  the vDVZ discontinuity

m! 0 m = 0

Newtonian potential

Light bending angle  
(at impact parameter b) ↵ =

4GM

b
↵ =

4GM

b

�N = �GM

r
�N = �4

3
GM

r

van Dam, Veltman, 
Zakharov (1970)



Helicity components
Introduce fields for each helicity component: 

hµ⌫ ! hµ⌫ + @µA⌫ + @⌫Aµ + 2 @µ@⌫�

Aµ ⇠ helicity ± 1

hµ⌫ ⇠ helicity ± 2

� ⇠ helicity 0
relativistic limit m ! 0

2 DOF

2 DOF

1 DOF
5 DOF

hµ⌫

8
>><

>>:

Lm=0(h0)� 1
2
F̂µ⌫ F̂µ⌫ � 3 @µ�̂ @µ�̂ +

1
MP

h0
µ⌫Tµ⌫ +

1
MP

�̂T

This is the vDVZ discontinuity:
scalar fifth force

helicity-2 helicity-1 helicity-0



Interaction terms

where the interaction potential U is the most general one that reduces to Fierz-Pauli at

linear order,

U(g(0), h) = U2(g
(0), h) + U3(g

(0), h) + U4(g
(0), h) + U5(g

(0), h) + · · · , (6.35)

U2(g
(0), h) =

�
h2

⇥
� [h]2 , (6.36)

U3(g
(0), h) = +C1

�
h3

⇥
+ C2

�
h2

⇥
[h] + C3 [h]3 , (6.37)

U4(g
(0), h) = +D1

�
h4

⇥
+ D2

�
h3

⇥
[h] + D3

�
h2

⇥2
+ D4

�
h2

⇥
[h]2 + D5 [h]4 , (6.38)

U5(g
(0), h) = +F1

�
h5

⇥
+ F2

�
h4

⇥
[h] + F3

�
h3

⇥
[h]2 + F4

�
h3

⇥ �
h2

⇥
+ F5

�
h2

⇥2
[h]

+F6

�
h2

⇥
[h]3 + F7 [h]5 , (6.39)

...

The square bracket indicates a trace, with indices raised with g(0),µ⇤ , i.e. [h] = g(0)µ⇤hµ⇤ ,

[h2] = g(0)µ�h�⇥g(0)⇥⇤h⇤µ, etc. The coe�cients C1, C2, etc. are generic coe�cients. Note that

the coe�cients in Un(g(0), h) for n > D are redundant by one, because there is a combination

of the various contractions, the characteristic polynomial LTD
n (h) (see Appendix A), which

vanishes identically. Thus one of the coe�cients in Un(g(0), h) for n > D (or any one linear

combination) can be set to zero.

If we like, we can re-organize the terms in the potential by raising and lowering with

the full metric gµ⇤ rather than the absolute metric g(0)µ⇤ ,

S =
1

2�2

⇧
dDx

⇤
(
⌅
�gR)�

⌅
�g

1

4
m2V (g, h)

⌅
, (6.40)

where

V (g, h) = V2(g, h) + V3(g, h) + V4(g, h) + V5(g, h) + · · · , (6.41)

V2(g, h) = ⇥h2⇤ � ⇥h⇤2, (6.42)

V3(g, h) = +c1⇥h3⇤+ c2⇥h2⇤⇥h⇤+ c3⇥h⇤3, (6.43)

V4(g, h) = +d1⇥h4⇤+ d2⇥h3⇤⇥h⇤+ d3⇥h2⇤2 + d4⇥h2⇤⇥h⇤2 + d5⇥h⇤4, (6.44)

V5(g, h) = +f1⇥h5⇤+ f2⇥h4⇤⇥h⇤+ f3⇥h3⇤⇥h⇤2 + f4⇥h3⇤⇥h2⇤+ f5⇥h2⇤2⇥h⇤

+f6⇥h2⇤⇥h⇤3 + f7⇥h⇤5, (6.45)
...
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Z
d4x


(
p
�gR)�

p
�g

1
4
m2V (g, h)

�
,

Effective field theory philosophy: write every possible term 
parametrized by arbitrary coefficients



The effective field theory 

there are interaction terms:

m2M2
P hnh(@A)nA(@2�)n� ⇠ ⇤4�nh�2nA�3n�

� ĥnh(@Â)nA(@2�̂)n�

⇤� =
�
MP m��1

�1/�
, � =

3n� + 2nA + nh � 4
n� + nA + nh � 2

Various strong coupling scales:
The larger λ, the smaller the scale

After replacement hµ⌫ ! hµ⌫ + @µA⌫ + @⌫Aµ + 2 @µ@⌫� + · · ·

Arkani-Hamed, Georgi and Schwartz (2003)
Creminelli, Nicolis, Pappuchi, Trincherini (2005)
de Rham, Gabadadze (2010)

⇠ (@2�̂)3

⇤5
5

, ⇤5 = (MP m4)1/5

The smallest scale is carried by a cubic scalar interaction:

This is the (UV) strong coupling scale of the theory

Energy scale

m

⇤5

MP



The effective field theory 

⇠ (@2�̂)3

⇤5
5

, ⇤5 = (MP m4)1/5

Source of mass M

rYukawa ⇠ 1/m

r

rSchwarzschild ⇠ M/M2
P rVainshtein ⇠

✓
M

MP

◆1/5 1

⇤5

• Scalar self-interactions responsible for Vainshtein radius:

• Scalar self-interactions display the Boulware-Deser ghost Boulware, Deser (1972)
Deffayet, Rombouts (2005)

• Non-linearities restore continuity with GR (Vainshtein mechanism)
Vainshtein (1972)



The Λ3 theory
Can choose the interactions, order by order in h, so that the scalar self-
interactions appear in total derivative combinations.

Energy scale

m

MP

⇤3

Longitudinal mode is described by Galileon interactions:
The scalar self-interactions in (9.27) are given by the following four lagrangians,

L2 = �1

2
(⇥�)2 ,

L3 = �1

2
(⇥�)2[�] ,

L4 = �1

2
(⇥�)2

�
[�]2 � [�2]

⇥
,

L5 = �1

2
(⇥�)2

�
[�]3 � 3[�][�2] + 2[�3]

⇥
. (9.28)

These are known as the galileon terms [135] (see also Section II of [136] for a summary of the

galileons). They share two special properties: their equations of motion are purely second

order (despite the appearance of higher derivative terms in the lagrangians), and they are

invariant up to a total derivative under the galilean symmetry (8.8), �(x)⇥ �(x)+ c+ bµxµ.

As shown in [135], the terms (9.28) are the only polynomial terms in four dimensions with

these properties.

The galileon was first discovered in studies of the DGP brane world model [35] (which

we will explore in more detail in Section 10.2), for which the cubic galileon, L3, was found

to describe the leading interactions of the brane bending mode [144, 145]. The rest of the

galileons were then discovered in [135], by abstracting the properties of the cubic term away

from DGP. They have some other very interesting properties, such as a non-renormalization

theorem (see e.g. Section VI of [136]), and a connection to the Lovelock invariants through

brane embedding [146]. Due to these unexpected and interesting properties, they have since

taken on a life of their own. They have been generalized in many directions [147, 148, 149,

150, 151, 152, 153], and are the subject of much recent activity (see for instance the > 100

papers citing [135]).

The fact that the equations are second order ensures that, unlike (8.10), no extra

degrees of freedom propagate. In fact, as pointed out in [34], the properties (A.17) of the

tensors Xµ� guarantee that there are no ghosts in the lagrangian (9.10) of the decoupling

limit theory.20 By going through a hamiltonian analysis similar to that of Section 2.1, we

can see that h00 and h0i remain Lagrange multipliers enforcing first class constraints (as they

should since the lagrangian (9.10) is gauge invariant. In addition, the equations of motion

20 This is contrary to [100], which claims that a ghost is still present at quartic order. As remarked however
in [34], they arrive at the incorrect decoupling limit lagrangian, which can be traced to a minus sign mistake
in their Equation 5, which should be as in (9.4).
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•Two parameter family of ways to do this

(⇧µ⌫ ⌘ @µ@⌫�)

Cutoff raised to: ⇤3 ⇠
�
MPm

2
�1/3

Arkani-Hamed, Georgi and Schwartz (2003)
Creminelli, Nicolis, Pappuchi, Trincherini (2005)
de Rham, Gabadadze (2010)



dRGT massive gravity
The theory can be re-summed:

de Rham, Gabadadze, Tolley (2011)

Characteristic Polynomials

In D spacetime dimensions the action for ghost-free dRGT massive gravity is

S =
MD�2

P

2

⌅
dDx

⌅
�g

�
R� m2

4

D⇤

n=0

�nSn(
⇧
g�1⇥)

⇥
. (4.1)

The massive gravity theory depends on the dynamical metric gµ⌅ and the fixed background

metric ⇥µ⌅ . The Einstein-Hilbert part of the action (4.1) is invariant under di�eomorphisms

fµ(x),

gµ⌅(x) ⇥
⇧f�

⇧xµ

⇧f⇥

⇧x⌅
g�⇥ (f(x)) , (4.2)

but the mass term breaks this symmetry, due to the appearance of the background metric

⇥µ⌅ .

As in the bi-metric case, there are D + 1 di�erent symmetric polynomials, and hence

D + 1 di�erent parameters in the mass term. For massive gravity, the D-th symmetric

polynomial is just
⌅
� det ⇥ = 1, so it doesn’t contribute to the equations of motion. Thus

there are only D free parameters. We can ensure that flat space is a valid solution by

demanding

D!
D⇤

k=0

�k

k!(D � k)!
= (D � 1)!

D⇤

k=1

�k

(k � 1)!(D � k)!
. (4.3)

For D = 4, this gives

�0 = � (3�1 + 3�2 + �3) . (4.4)

Then, expanding to quadratic order gives the Fierz-Pauli term [24] for the fluctuation hµ⌅ =

gµ⌅ � ⇥µ⌅ . Thus this theory propagates precisely one massive spin-2 field around flat space.

We again absorb one further coe⌅cient by taking m to be the mass of the massive spin-2

and setting

�D!
D⇤

k=0

�k

k!(D � k)!
+ (D � 2)!

D⇤

k=2

�k

(k � 2)!(D � k)!
= �8 . (4.5)

For D = 4, this gives

�1 + 2�2 + �3 = 8 . (4.6)

In D dimensions, the theory has D � 2 free parameters in addition to the mass.
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Symmetric Polynomials

Kurt Hinterbichler

August 25, 2012

0.1 Elementary symmetric polynomials

Given a D ⇤ D matrix MA
B, we define the elementary symmetric polynomials, for

0 ⌅ n ⌅ D,

Sn(M) =
1

n!(D � n)!
⇥̃A1A2···AD ⇥̃B1B2···BD MA1

B1
· · · MAn

Bn
�An+1

Bn+1
· · · �AD

BD
= M [A1

A1
· · · MAn]

An
,

(0.1)
or equivalently

MA1
B1

· · · MAn
Bn

�An+1

Bn+1
· · · �AD

BD
⇥̃A1A2···AD =

n!(D � n)!

D!
Sn(M)⇥̃B1B2···BD . (0.2)

In terms of traces of products of M , the first few are

S0(M) = 1 ,

S1(M) = [M ] ,

S2(M) =
1

2!

�
[M ]2 � [M2]

⇥
,

S3(M) =
1

3!

�
[M ]3 � 3[M ][M2] + 2[M3]

⇥
,

S4(M) =
1

4!

�
[M ]4 � 6[M ]2[M2] + 8[M ][M3] + 3[M2]2 � 6[M4]

⇥
,

... (0.3)

The D-th symmetric polynomial is the determinant,

SD(M) = det M , (0.4)

and the higher symmetric polynomials are defined to vanish identically,

Sn(M) = 0 for n > D . (0.5)

If M is diagonalizable, the symmetric polynomials are the symmetric polyno-
mials in the eigenvalues. If we label the eigenvalues (including degeneracy) ⇤A,
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• Full theory has no Boulware-Deser ghost (propagates 5 DOF non-linearly)
Hassan, Rosen (2011)

de Rham, Gabadadze, Tolley (2011)
KH, Rosen (2012)

+ many others



Vielbein formulation of ghost-free massive gravity

Or in terms of vierbeins

MD�2
P

2

Z
dDx |e|R[e]�m2

X

n

an

Z
✏A1···ADeA1 ^ · · · ^ eAn ^ 1An+1 ^ · · · ^ 1An

gµ⌫ = e A
µ e B

⌫ ⌘AB

✏A1A2A3A4e
A1 ^ eA2 ^ eA3 ^ eA4

✏A1A2A3A4e
A1 ^ eA2 ^ eA3 ^ 1A4

✏A1A2A3A4e
A1 ^ eA2 ^ 1A3 ^ 1A4

✏A1A2A3A4e
A1 ^ 1A2 ^ 1A3 ^ 1A4

✏A1A2A3A41
A1 ^ 1A2 ^ 1A3 ^ 1A4

Ghost-free mass terms are simply all possible ways of wedging a vierbein and 
background vierbein:

KH, Rachel Rosen (arXiv:1203.5783)

http://arxiv.org/abs/1203.5783


dRGT theory

• Vainshtein mechanism hides 5-th force from experiments, so residual screening 
effects might be observable

Phenomenology/new signals:

• Exist self accelerating solutions, in the absence of a CC (acceleration is caused by 
graviton mass m ∼ H) 

• A small graviton mass is protected from large quantum corrections (diff invariance 
restored as m → 0) 

• More difficult (need screening of a large CC, or a new symmetry)

 CC problem:

de Rham, Gabadadze, Heisenberg, Pirtskhalava (2010)

Dvali, Hoffman, Khoury (2007)

Dvali, Gabadadze, Shifman (2002)

Arkani-Hamed, Dimopolous, Dvali Gabadadze (2002)

Gumrukcuoglu, Lin, Mukohyama (2011)

Old CC  
problem 

New CC  
problem 

8
>><

>>:

8
>><

>>:

de Rham, Heisenberg, Ribeiro (2013)

de Rham, KH, Rosen, Tolley  (2013)

Graviton mass constraints:

de Rham, Deskins,  Tolley,  Zhou 1606.08462

LIGO

Clusters

Lunar laser ranging

No real constraint from speed of gravity



UV completion

These theories are effective field theories (EFT) with a strong coupling 
scale parametrically larger than the mass:

⇤ � m

• New particles/degrees of freedom

• Strong coupling effects

weakly coupled 

strongly coupled 

Something has to happen before the scale    to complete them:⇤
<latexit sha1_base64="/oHcU33EtzXevy4R7ZDioMRRhWA=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRa0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaPXAwOGcc5l7T5AKro3rfjmltfWNza3ydmVnd2//oHp41NFJpihr00QkqhegZoJL1jbcCNZLFcM4EKwbTG7mfveRKc0T+WCmKfNjHEkecYrGSt3BnY2GOKzW3Lq7APlLvILUoEBrWP0chAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyNnVglJlCj7pCEL9edEjrHW0ziwyRjNWK96c/E/r5+Z6NrPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ78l3Qu6t5l3b1v1JqNoo4ynMApnIMHV9CEW2hBGyhM4Ale4NVJnWfnzXlfRktOMXMMv+B8fAMIGY9R</latexit>

⇢

<latexit sha1_base64="x2xSiLxgfxcSl5k0RQIV8roYl6I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ac0oWy223TpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5hGSowEo2ilrh+KKPLzQbXm1t0FyDrxClKDAq1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCY1431JFY26CfHHujFxYZUhGibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hmOboNcqDRDrthy0SiTBBMy/50MheYM5dQSyrSwtxI2ppoytAlVbAje6svrpHNV967r7kOj1mwUcZThDM7hEjy4gSbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nD0/Tj4A=</latexit>

Do such completions exist? (landscape vs. swampland)

Theory that includes these new effects is valid to a higher 
scale (UV extension or UV completion)  



Isolated massive spinning particles?

Is it possible to have a complete theory  
with a spectrum like this:

mass

0

m

M �
parametrically  
large gap M � m

Spin 0, 1/2: Yes (pseudo Goldstones)

Spin 1, 3/2: Yes (spontaneously broken weakly coupled gauge theory/SUGRA)

Spin ≥ 2:    ?



Isolated massive spinning particles?

Can there be “elementary”  
particles with spin ≥ 2 ?

� intrinsic size ?

Can the graviton have a small  
Hubble-scale mass?

Are there high spin hadrons with  
Compton wavelength 

⇢

<latexit sha1_base64="x2xSiLxgfxcSl5k0RQIV8roYl6I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ac0oWy223TpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5hGSowEo2ilrh+KKPLzQbXm1t0FyDrxClKDAq1B9csfJiyLuUImqTF9z00xyKlGwSSfVfzM8JSyCY1431JFY26CfHHujFxYZUhGibalkCzU3xM5jY2ZxqHtjCmOzao3F//z+hmOboNcqDRDrthy0SiTBBMy/50MheYM5dQSyrSwtxI2ppoytAlVbAje6svrpHNV967r7kOj1mwUcZThDM7hEjy4gSbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nD0/Tj4A=</latexit>

Common lore says No: a massive higher spin always comes 
with more states at parametrically the same mass



Isolated massive spinning particles?

Examples:

mass

0

m

no large gap � m

Kaluza Klein theory:

Confining gauge theory

String theory

~ m

towers of spin ≤ 2 m2 ⇠ �laplacian

m2 ⇠ 1

↵0

m2 ⇠ ⇤2
QCDtowers of all spins

towers of all spins



Can we do any better with the cutoff?
KH, James Bonifacio  (1804.08686)

Is there any way to do better than dRGT’s      growth of amplitudes 
(i.e. raise strong coupling scale further within the EFT)

E6

L ⇠ (@h)2

+h3 + @2h3 + @4h3 + · · ·
+h4 + @2h4 + @4h4 + · · ·
...

Field redefinitions → put fields on shell: transverse, traceless, ⇤ ! �m2

Classify all on-shell cubic and quartic vertices

+h2

Look at observables: amplitudes

E6
⇤3 ⇠

�
MPm

2
�1/3 growth of amplitude strong coupling scale



Polarization tensors:

✏µ1...µs ! zµ1zµ2 . . . zµs z2 = 0

If some of the particles are identical, then the amplitude must also be invariant under

additional permutation symmetries. For example, for the scattering of four identical particles

the amplitude must have an S4 symmetry under interchanging particle labels. Lastly, in

low dimensions there can be dimensionally-dependent identities that introduce redundancies

between various amplitudes. These need to be accounted for when finding an irreducible set

of amplitudes.

3.1 Cubic terms

We start by constructing the on-shell cubic terms. Consider a three-point interaction of

particles with spins (l1, l2, l3), as in Figure ??. For each li > 0, introduce a null vector zi.

Momentum conservation with all momenta incoming gives4

p1µ + p2µ + p3µ = 0. (3.10)

Equation (3.10) and pii = �m2
i imply that 2pij = m2

i + m2
j � m2

k for distinct i, j, k, so all

contractions pij can be written in terms of masses. Contracting (3.10) with zi gives the three

relations

zp12 + zp13 = 0, (3.11a)

zp21 + zp23 = 0, (3.11b)

zp31 + zp32 = 0. (3.11c)

This means that there are only three independent contractions zpij, rather than six. In total,

there are therefore six independent Lorentz scalars that can be used to construct the on-shell

parity-even cubic amplitude, which can be taken to be

z12, z13, z23, zp12, zp23, zp31. (3.12)

Each zi must appear li times in the cubic amplitude, since each polarisation vector appears

once. The amplitude is thus a linear combination of terms of the form

zn12
12 zn13

13 zn23
23 zpm12

12 zpm23
23 zpm31

31 , (3.13)

4In general these momenta must be complex for the on-shell cubic amplitude to be non-vanishing. To

calculate exchange diagrams these cubic amplitudes must be analytically continued to real o↵-shell momenta.

9

n12 + n13 +m12 = s1,

n12 + n23 +m23 = s2,

n13 + n23 +m31 = s3.

A3 ⇠

Finite number of solutions → On-shell cubic amplitudes nailed down by Lorentz invariance.

cubic vertices

,

No on-shell non-trivial functions of momenta:

pµ1 + pµ2 + pµ3 = 0 p1 · p2 =
1

2

�
m2

1 +m2
2 �m2

3

�
) ,  etc.



Cubic massive spin-2 vertices

cubic part of the Riemann cubed term (which is the same on-shell as Weyl cubed). The other two

Lagrangians appear only in the massive case because they are not di↵eomorphism invariant: L1 is

the cubic part of the potential in dRGT massive gravity which survives on-shell (h µ
µ = 0), and L3

is the two-derivative pseudo-linear term of [31, 32].

Note that the on-shell amplitudes stemming from these Lagrangians are not given by the Ai

above in a direct manner, but instead are linear combinations of the Ai. In detail, the amplitudes

we get from the canonically-normalized expansion gµ⌫ = ⌘µ⌫ + 2M

2�D
2

Pl
hµ⌫ and the usual Feynman

rules are

• h
3:

L1 =
m

2

3M

D�2
2

Pl

h
3

µ⌫ ,

B1 =
2m

2

M

D�2
2

Pl

z1 · z2 z2 · z3 z3 · z1 . (3.20)

• Einstein–Hilbert:

L2 =
M

D�2

Pl

2

p
�gR

��
(3)

,

B2 =
2

M

D�2
2

Pl

(p1 · z3 z1 · z2 + p3 · z2 z1 · z3 + p2 · z1 z2 · z3)
2
� 3B1 . (3.21)

• Pseudo-linear:

L3 =
4!

M
D�2

Pl

�
[µ1
⌫1

�
µ2
⌫2

�
µ3
⌫3

�
µ4]

⌫4
@µ1@

⌫1h
⌫2

µ2
h

⌫3
µ3

h
⌫4

µ4
, (3.22)

B3 = �
1

M

D�2
2

Pl

h
(p1 · z3)

2 (z1 · z2)
2 + (p3 · z2)

2 (z1 · z3)
2 + (p2 · z1)

2 (z2 · z3)
2

i
�

1

2
B2 +

3

2
B1 .

• Gauss–Bonnet:

L4 =
M

D�2

Pl

m2

p
�g

�
R

2

µ⌫⇢� � 4R
2

µ⌫ + R
2
� ���

(3)

, (3.23)

B4 = �
80

M

D�2
2

Pl
m2

p1 · z3 p2 · z1 p3 · z2 (p1 · z3 z1 · z2 + p3 · z2 z1 · z3 + p2 · z1 z2 · z3) � 20B3 + 30B1 .

• R
3:

L5 =
M

D�2

Pl

m4

p
�g R

µ⌫
⇢�R

⇢�
↵�R

↵�
µ⌫

���
(3)

,

B5 =
48

M

D�2
2

Pl
m4

(p1 · z3)
2 (p2 · z1)

2 (p3 · z2)
2
�

3

10
B4 + 6B2 + 12B1 . (3.24)
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• 0-derivative structure
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Here we have chosen all the amplitudes to scale with a power of some Planck mass, MPl, and

momenta to scale with powers of 1/m. There is no loss of generality in these assignments because

in a general cubic amplitude which is a linear combination of these,

5X

i=1

aiAi , (3.14)

where the ai are dimensionless coe�cients, any di↵erent choice of scalings can be absorbed into the

ai.
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Three of these are familiar from the massless case: L2 is the cubic part of the Einstein–Hilbert

action, L4 is the cubic part of the Gauss–Bonnet term (which is trivial in D = 4) and L5 is the
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D=4: no     , 2 additional parity violating amplitudes
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Build the exchange Feynman diagrams:

A3

A3

A3A3A3 A3

Aexchange ⇠ E#

Finite number of cubic vertices  →  finite number of exchange diagrams → 
bounded growth with energy

Best possible scaling



Classify all analytic quartic amplitudes (contact terms):

Contracting (3.16) with zi gives the four relations

zp12 + zp13 + zp14 = 0, (3.18a)

zp21 + zp23 + zp24 = 0, (3.18b)

zp31 + zp32 + zp34 = 0, (3.18c)

zp41 + zp42 + zp43 = 0. (3.18d)

This means that there are only eight independent contractions zpij, rather than 12. In total,

there are 16 independent Lorentz scalars. The amplitude is a sum of powers of these scalars5

pk1212 pk1313 zn12
12 zn13

13 zn14
14 zn23

23 zn24
24 zn34

34 zpm13
13 zpm14

14 zpm21
21 zpm24

24 zpm31
31 zpm32

32 zpm42
42 zpm43

43 , (3.19)

where kij, nij and mij are non-negative integers satisfying

n12 + n13 + n14 +m13 +m14 = l1, (3.20a)

n12 + n23 + n24 +m21 +m24 = l2, (3.20b)

n13 + n23 + n34 +m31 +m32 = l3, (3.20c)

n14 + n24 + n34 +m42 +m43 = l4. (3.20d)

The kij are unconstrained by (3.20), reflecting the fact that there are on-shell quartic am-

plitudes with arbitrarily many derivatives (unlike the cubic case, where there are a finite

number of amplitudes). Restricting to only positive powers of kij reflects the fact that we

are interested only in tree-level 4 particle amplitudes coming from contact terms in the

lagrangian.

The parity-odd quartic amplitudes contain contractions of the form "(p1p2p3zi), "(pipjzkzl),

"(pizjzkzl), or "(zizjzkzl). There are 35 such contractions. These must be multiplied by

parity-even contractions so that the result contains enough z’s. The term multiplying a con-

traction of the antisymmetric tensor is of the form (3.19), where nij and mij satisfy (3.20)

with li ! li � 1 if the antisymmetric tensor contracts with zi.

5For identical particles, this construction of quartic amplitudes di↵ers slightly from that in [12, 13]. We

include factors of p12 and p13 in the amplitude building blocks and linear combinations are found that contain

a bounded number of momenta and that are invariant under all permutations of the external particles. This

means that Bose symmetry is inbuilt but the number of momenta must be bounded. In [13], tensor structures

without pij ’s are considered and invariance is imposed for the “kinematic” permutations that leave s and t

invariant. Each structure is then multiplied by a coe�cient fi(s, t), where the fi are further constrained by

Bose symmetry.
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n12 + n13 + n14 +m13 +m14 = s1,

n12 + n23 + n24 +m21 +m24 = s2,

n13 + n23 + n34 +m31 +m32 = s3,

n14 + n24 + n34 +m42 +m43 = s4.

unconstrained

This is the contact Feynman diagram:

Best possible scaling

2 independent invariants made of momenta (2 Mandelstams)

Acontact ⇠

KH, James Bonifacio  (1804.08686)



Aexchange +AcontactA4 =

Try to cancel off highest energy scaling of exchange diagrams, working down:

Best possible scaling

+ + +

⇠ E#

Result: Best possible scaling is E6 
Only theories that achieve this are dRGT theory and pseudo-linear

KH (1305.7227)

Same is true of bi-gravity: KH, James Bonifacio  (1806.10607)



Best possible scalings for all spins

Conjecture for higher spins:

possible Lorentz invariant interaction terms, whether ghostly or not, parity violating or not.

The reason we allow for terms that violate parity, is that there was still the possibility, as

mentioned in [9], that there may be parity-violating interactions that can be added to dRGT

which maintain its ghost-freeness and high cuto↵. Here we will show that no non-trivial

parity violating interaction can be added consistent with the E6 behavior and corresponding

⇤3 cuto↵.

Our results are in the same spirit as [10,11], where model independent strong coupling

scales for theories of massive higher spins coupled to electromagnetism are given. In these

works, the model independent cuto↵ ⇤ ⇠
m

e2s�1 is found for massive spin-s particles interact-

ing with electromagnetism, when self-interactions of the massive high spins are not included.

The analysis was done at the level of the Lagrangian, by looking for the scale suppressing

various possible non-removable interaction terms.

In our case, the possible Lagrangian interaction terms become very numerous, especially

as the number of derivatives in increased. In addition, when working with Lagrangians one

always has to worry about integration by parts identities and field redefinition ambiguities

which do not a↵ect on-shell S-matrix elements and hence do not alter the amplitudes. For

this reason, we will instead work directly with on-shell amplitudes, avoiding these ambiguities

and greatly simplifying the construction of the general four particle S-matrix. We describe

this method in section 2.

This method is generalizable to other field content and massive higher spins, at the

price of more computational complexity. Based on calculations we hope to report in the

future, we conjecture that a self-interacting, massive spin s � 1 field should have a 4 particle

tree amplitude growing at least as fast as

A4 ⇠

8
<

:
E3s s even,

E3s+1 s odd.
(1.1)

[KH: Do you know how the scaling should go for a general n-particle amplitude?]

Choosing a simple scaling where fields come with powers of MP and derivatives come

with powers of m, as is usually chosen in massive gravity, this corresponds to a strong

5

coupling scale

⇤max =

8
<

:
⇤ 3s

2
s even,

⇤ 3s+1
2

s odd.
(1.2)

where ⇤n ⌘ (Mpmn�1)1/n.

2 Description of the calculation

Our method is as follows. The first step is to calculate the most general 2 ! 2 tree-level

scattering amplitude for a theory containing a single massive spinning field. This amplitude

is a sum of the exchange diagrams using two cubic vertices, and contact diagrams using a

quartic vertex. The first observation is that the cubic vertices can all be taken to be on

the free-particle shell, i.e. the fields made transverse and traceless and ⇤ ! �m2. This

can always be accomplished via field re-definitions, at the expense of changing the quartic

terms. The quartic terms can then also be taken on-shell, since at tree level they contribute

to the 4-particle amplitude only through the contact diagram in which all lines are on-shell

external lines. The problem of writing the most general theory thus reduces to the problem

of writing the most general on-shell 3-point and 4-point interactions.

We thus need to catalogue all the possible on-shell cubic and quartic terms. To do this

we use a method discussed in [12, 13] and that we describe below. The on-shell cubic terms

are fixed entirely by Lorentz invariance and there are a finite number of them. The number

of powers of energy, corresponding to the number of derivatives in the lagrangian, that can

appear non-trivially at cubic order is therefore bounded. Using these to construct the s,

t, and u channel 4 point exchange amplitudes, we get an expression that grows with some

leading power at high energies. We next then catalogue the possible quartic terms. These

come in a finite number of structures multiplied by analytic functions of the Mandelstam

invariants. Expanding the functions in powers of the Mandelstams, we generate all the

possible quartic terms with higher and higher powers of energy. Since the analytic functions

are arbitrary, the number of possible derivatives and terms is unbounded, though the number

of structures is fixed. We then ask whether the contact diagrams from these quartic terms can

potentially cancel against the high-energy behavior of the exchange amplitudes. Working

our way down from the highest powers of energy, we eventually reach a power of energy

6

coupling scale

⇤max =

8
<

:
⇤ 3s

2
s even,

⇤ 3s+1
2

s odd.
(1.2)

where ⇤n ⌘ (Mpmn�1)1/n.

2 Description of the calculation

Our method is as follows. The first step is to calculate the most general 2 ! 2 tree-level

scattering amplitude for a theory containing a single massive spinning field. This amplitude

is a sum of the exchange diagrams using two cubic vertices, and contact diagrams using a

quartic vertex. The first observation is that the cubic vertices can all be taken to be on

the free-particle shell, i.e. the fields made transverse and traceless and ⇤ ! �m2. This

can always be accomplished via field re-definitions, at the expense of changing the quartic

terms. The quartic terms can then also be taken on-shell, since at tree level they contribute

to the 4-particle amplitude only through the contact diagram in which all lines are on-shell

external lines. The problem of writing the most general theory thus reduces to the problem

of writing the most general on-shell 3-point and 4-point interactions.

We thus need to catalogue all the possible on-shell cubic and quartic terms. To do this

we use a method discussed in [12, 13] and that we describe below. The on-shell cubic terms

are fixed entirely by Lorentz invariance and there are a finite number of them. The number

of powers of energy, corresponding to the number of derivatives in the lagrangian, that can

appear non-trivially at cubic order is therefore bounded. Using these to construct the s,

t, and u channel 4 point exchange amplitudes, we get an expression that grows with some

leading power at high energies. We next then catalogue the possible quartic terms. These

come in a finite number of structures multiplied by analytic functions of the Mandelstam

invariants. Expanding the functions in powers of the Mandelstams, we generate all the

possible quartic terms with higher and higher powers of energy. Since the analytic functions

are arbitrary, the number of possible derivatives and terms is unbounded, though the number

of structures is fixed. We then ask whether the contact diagrams from these quartic terms can

potentially cancel against the high-energy behavior of the exchange amplitudes. Working

our way down from the highest powers of energy, we eventually reach a power of energy

6

Best scaling for spin-1: E4 ⇤2 ⇠ (MPm)1/2

Best scaling for spin-2: E6 ⇤3 ⇠
�
MPm

2
�1/3

KH, James Bonifacio  (1804.08686)



Best scaling for spin-1: E4 ⇤2 ⇠ (MPm)1/2

+ + +

+ +

allow additional scalar → can achieve E0   → Higgs mechanism

~ E0

Higgs field �
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+

Higgs mechanism

Can this be improved by adding new fields?



Higgs mechanism for gravity?

Best scaling for spin-2: E6 ⇤3 ⇠
�
MPm

2
�1/3

allow any number of additional spins < 2 

→ no gravitational Higgs mechanism

~ <E6

Higgs fields

+ + +

+ ++ ?

�, Aµ
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UV completion?

no gravitational Higgs mechanism means: 

No tree level UV extension with a finite number of spins <2

There exist UV extensions with infinite numbers of spin 2’s (Kaluza Klein) 
and infinite numbers of higher spins (string theory)

There may still be strong coupling/loop effects that kick in and UV 
complete the theory, with or without new degrees of freedom

Are there other, more general UV completion constraints we can impose?



Dispersion relations
Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi (2006)
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dRGT theory allowed island
Cheung, Remmen (2016)



Superluminality constraints

Another traditional constraint on EFTs:   
Superluminality of small fluctuations on non-trivial Lorentz-violating 
backgrounds  (e.g. Velo-Zwanziger problem)

p3

p2

p1

p4

x
�

x
+

�
�x

�

Figure 1: The shockwave geometry and its connection to scattering. The shockwave travels in the x
�

direction. It is traversed by a particle traveling in the x
+ direction which experiences a time delay �x

� as

it crosses the shock.

the form

ds
2 = �2dx

+dx
� + F (x+

, ~x)dx
+2 + d~x

2
, (5.33)

where the function F (x+
, ~x) must satisfy a Poisson equation in the transverse variables

(r2
� m

2)F (x+
, ~x) = �16⇡G T++ , (5.34)

where T++ is a component of the matter stress tensor Tµ⌫ sourcing the shockwave. Interestingly,

this background is a solution to the equations of motion for a massive spin-2 with an arbitrary

potential [59]. This is because the nonlinear terms drop out of the Einstein equations and F (x+
, ~x)

solves, in e↵ect, the linear equations of motion of a massive particle. This is a particular feature of

the metric (5.33) analogous to the Aichelburg–Sexl solution in General Relativity which also solves

both the linear and fully non-linear equations. We can write the background metric (5.33) in the

Kerr–Schild form

ḡµ⌫ = ⌘µ⌫ + F (x+
, ~x)`µ`⌫ , (5.35)

where `
µ is a covariantly constant null vector, r̄µ`⌫ = `

2 = 0 chosen to point in the x
� direction

`
µ = (1, 0,~0) , (5.36)

and take the stress tensor to be that of a point particle moving at the speed of light with energy

28

Less problematic: superluminality in the S-matrix

Eikonal scattering:

high-energy, fixed impact parameter:

s/t ! 1

Camanho, Edelstein, Maldacena, Zhiboedov (2016)

Time delay in scattering



Time delay: eikonal limit
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Note that the tree level diagram is
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so inverse Fourier transforming, we can write the eikonal phase as the Fourier transform of the tree

level diagram,

�
ĩi,jj̃(b) =

1

4|p�p+|

Z
dD�2

q

(2⇡)D�2
e
�ib·q

M
ĩi,jj̃
0

(q) , (A.25)

which is the 2 ! 2 scattering amplitude in impact parameter space.

The eikonal phase is a matrix, and diagonalizing this matrix gives the eigenstates which propagate

with a definite phase. For each such state, the associated eigenvalue, �, is then related to the time

delay of propagation of that state by

�x
� =

1

|p�|
� . (A.26)

B Cubic Vertices of dRGT

One of the applications of our analysis is to constrain the possible parameters in nonlinear massive

gravity which are consistent with positivity of the eikonal amplitude. Therefore, it is worth being

explicit about the cubic vertices that appear in the dRGT theory [28] and what the constraints are.

Here we specialize to D = 4. The dRGT theory is a 2-parameter family which can be written as
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The tensor K is defined to be (with the definition gµ⌫ = ⌘µ⌫ + hµ⌫)
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with H
µ
⌫ = g

µ↵
h↵⌫ . The relation between the parameters ↵3, ↵4 here and the parameters c3, d5

used in Section 5.2 is

↵3 = �2c3 , ↵4 = �4d5. (B.3)

In order to see what cubic terms are present we expand the action (B.1) out to cubic order
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The eikonal phase is a matrix, and diagonalizing this matrix gives the eigenstates which propagate

with a definite phase. For each such state, the associated eigenvalue, �, is then related to the time
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vertices is the same form as that of the Einstein–Hilbert term in the theory of a massless spin-2,

as can be verified by looking at Section 3.2. In the massive theory, there is a contribution from

the Einstein–Hilbert vertex which is proportional to m
2, but this is precisely canceled o↵ by this

particular choice of h
3
µ⌫ coe�cient.

4.2 Amplitude in General D

Diagonalizing the amplitude (4.4) in general D explicitly is an intricate task. However, it is straight-

forward to insert the constraints from D = 4 into the general dimension amplitude and check if the

result is sub-luminal. Plugging in the parameter values (4.20), we obtain
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This amplitude is diagonal and positive, and so the phase shifts are all positive and we see that all

of the polarizations experience an asymptotic time delay. There is still the question of whether this

is the most general possible amplitude which is consistent with positivity in general dimension. In

order to answer this question, we turn to a slightly di↵erent computation; we compute the eikonal

amplitude for a massive spin-2 scattering o↵ of a scalar particle. This amplitude is e↵ectively a

subsector of (4.4) and so the constraints in this case must also be satisfied by (4.4) in order for

the theory to experience time delays. We will see that the constraints are the same as (4.20).

Additionally, this calculation is most closely related to the Shapiro time delay experiences by a

massive graviton propagating in a shockwave background.

5 Scalar–Spin-2 Eikonal Scattering

We now restrict our attention to the eikonal scattering between a scalar particle, �, and a massive

graviton. This is e↵ectively a subsector of the previous amplitude where we average over the

polarizations of one of the external gravitons so that it acts a scalar source [23].11 We must again

compute the following t-channel tree diagram in the eikonal limit, using the kinematics of Section

2.2:

where canonically normalized gravity corresponds to a2 = 2. One interesting thing to note about

this combination of terms is that the on-shell cubic amplitude from this linear combination of

cubic vertices is the same as that of the Einstein–Hilbert term in the theory of a massless spin-2

as can be verified by looking at Section 3.2. In the massive theory, there is a contribution from

the Einstein–Hilbert vertex which is proportional to m
2
, but this is precisely canceled o↵ by this

particular choice of h
3
µ⌫ coe�cient.

4.2 Amplitude in general D

Diagonalizing the amplitude (4.5) in general D explicitly is an intricate task. However, it is straight-

forward to insert the constraints from D = 4 into the general dimension amplitude and check if the

result is sub-luminal. Plugging in the parameter values (4.21), we obtain
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This amplitude is clearly positive, so we see that all of the polarizations experience an asymptotic

time delay. There is still the question of whether this is the most general possible amplitude which

is consistent with positivity in general dimension. In order to answer this question, we turn to

a slightly di↵erent computation. That is, we compute the eikonal amplitude for a massive spin-2

scattering o↵ of a scalar particle. This amplitude is e↵ectively a subsector of (4.5) and so the

constraints in this case must also be satisfied by (4.5) in order for the theory to experience time

delays. We will see that the constraints are the same as (4.21). Assitionally, this calculation is

most closely related to the Shapiro time delay experiences by a massive graviton propagating in a

shockwave background.

5 Scalar–Spin-2 scattering

Diagonalizing the amplitude (4.5) in general D is a demanding undertaking. To simplify this task,

we restrict our attention to the eikonal scattering between a scalar particle and a massive graviton.

This is e↵ectively a subsector of the previous amplitude where we average over the polarizations

of one of the external gravitons so that it acts a scalar source [19].
11

We must again compute the

following t-channel tree diagram in the eikonal limit, using the kinematics of section 2.2:

.T T

S S

11
Alternatively, we could imagine sending in a classical coherent state with the scalar polarization: this will cause

the final state to also be the scalar polarization, and we will get the same subsector of the amplitude.
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11Alternatively, we could imagine sending in a classical coherent state with the scalar polarization: this will cause

the final state to also be the scalar polarization, and we will get the same subsector of the amplitude.
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Time delay depends only on on-shell three point amplitudes:



Massive spin-2 time delay constraints

diagonalize phase 
shift matrix

��1�2,�3�4 constraints:
↵3 = ↵5 = 0, ↵3 = 3↵2

Allowed cubic vertex:

Vertex not of this form → new physics at m
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KH, Austin Joyce, Rachel A. Rosen (1708.05716)



Massive spin-2 time delay constraints
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Constraints on dRGT theory:

Similar conclusions for bi-gravity James Bonifacio, KH, Austin Joyce, Rachel A. Rosen (1712.10020)



Summary

•  Dark energy models are typically effective field theories with a very low UV 
cutoff (by particle physics standards)

•  They parametrize the possible interactions of a certain choice of new long range 
degrees of freedom 

•  Central theoretical issue is UV completion: can any of these models be 
completed into full theories valid at smaller scales? 

• An isolated massive spin-2 (e.g. massive gravity) is constrained but not 
completely ruled out

• Need to explore more exotic possibilities for UV completion


