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Current techniques are limited to probing dark-matter
structures heavier than ~ 10% M .

2/25



Current techniques are limited to probing dark-matter
structures heavier than ~ 10% M .

Probing the substructures within DM halos remains
challenging because of their faint luminosity and
low masses, which lead to much lower detection

probabilities.

2/25



Current techniques are limited to probing dark-matter
structures heavier than ~ 10% M .

Probing the substructures within DM halos remains
challenging because of their and
low masses, which lead to much lower detection

probabilities.

2/25



Current techniques are limited to probing dark-matter
structures heavier than ~ 10% M .

Probing the substructures within DM halos remains
challenging because of their and
owmasses — Which lead to much lower detection
probabilities.

2/25



Testbed for the Nature of Dark Matter
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Strong Lensing of GWs
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What if the source is a (massive)
binary black hole?
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Unlensed Waveform




Strongly Lensed Wavetorms
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False Alarm Probability
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Strong Lensing Rate?

Li et al. (2018) 12/25



Nlensed X Nevents

[2] Caligkan et al. (2022) 12/25



Nlensed X Nevents
2
Nfalse alarms X N,

events

[2] Caligkan et al. (2022) 12/25



What if the lens is smaller?




Wave-Optics Effects
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Propagation of GWs Around a Lens and Wave Optics Effects
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Lensing of Gravitational Waves

« The wavelength of GWs can be comparable to the size of the lenses, leading to frequency-dependent

modulations in the waveform phase and amplitude due to wave-optics (WO) effects.

« This allows for the possibility of infer the lens properties from a single GW observation.

* WO effects can lead to lensing detectability with cross sections larger than those achievable with

the observation of multiple “images.”

[1] Takahashi and Nakamura (2003) [5] Tambalo et al. (2022) [8] Ji and Dai (2024) Also: [13] Jow and Pen (2022)
[3] Caliskan et al. (2023a) [6] Fairbairn et al. (2022) [9] Leung et al. (2023) [11] Feldbrugge, Pen, and Turok (2023)  [11] Jow and Pen (2024)
[4] Caliskan, et al. (2023b) [7] Savastano et al. (2023) [10] Dai et al. (2018) [12] Feldbrugge and Turok (2020) [12] Villarrubia-Rojo et al. (2024)
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Laser Interferometer Space Antenna
(LISA)

« LISA will be the first dedicated space-based gravitational-wave
observatory.

« LISA will detect gravitational waves (GWs) emitted by massive
black hole binaries (MBHBSs) in the low-frequency (~mHz) band.

« These MBHBS ( Mo ~ 10* — 10° M, ) will have high SNRs and large
redshifts.

 Low-mass lenses, such as dark-matter (DM) subhalos, have sizes
comparable to the wavelength of these GWs.

As such, MBHBs are excellent candidates for
observing WO effects.

[Credit:] ESA-C. Vijoux 1 7/25



[Lensed and Unlensed
Waveforms




Lensed and Unlensed Waveforms
h*(fiw,y) = F(w,y)h(f)
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Lensed and Unlensed Waveforms
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Lensed and Unlensed Waveforms
h*(fiw,y) = F(w,y)h(f)
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Measurability of the
[Lens Parameters
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Optical Depth and Probability
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Differential Optical Depth (Probability)
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Detection Probability (Source Model Agnostic)
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[ Red MBHBs Are Below Individual Detection Threshold }
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LIMITATIONS







Dark Matter
Halo Subhalos
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APPENDIX




Total Number
of Binaries in
the Population

Expected Number of Lensed

Binaries with WO Effects (for
Varying Detection Thresholds)

Resulting Lensing Rate

-

—

Source Population Lens Population Ndetect N 4 N2o 4 N2 4 Lensing Rate {10, 30,50} [%)]
Heavy Seed (No Delay) PS 474 7.96 4.13 3.24 {1.68, 0.87, 0.68}
Heavy Seed (No Delay) MVF 474 0.42 0.36 0.35 {0.09, 0.07, 0.07}
Heavy Seed (Delay) PS 32 0.47 0.21 0.15 {1.47, 0.65, 0.47}
Heavy Seed (Delay) MVF 32 0.01 0.009 0.008 {0.03, 0.03, 0.03}
Light Seed PS 282 1.51 0.57 0.37 {0.53, 0.20, 0.13}
Light Seed MVF 282 0.02 0.01 0.01 {0.007, 0.004, 0.004}

[4] Caliskan, et al. (2023b)
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Lensing Diffraction Integral

F(w,y)

for Point Mass and SIS
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Point Mass Lens
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What Did We (the Field)
Miss Before?




Inspiral-Only
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Why?



Because the SNR is higher?
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Higher-Order Modes?
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We Need Faster Solutions




Singular Isothermal Sphere (SIS) Lens
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PM Lens SIS Lens

2 2 >
w wy“ . w Y
= - — - — = — = N I

o P =en{T +iy nf -20w)]br (1-51)um (i) . Fw.g) = % exp {in| +¢<y>]}§ (1)L (1, )

o -1
. (- { TI[(+2) e—z/r]}

r=1 or (1 — %z) __Lr (1 B gl) v (1 B El) ov (’LU) (_Z)n ,wn—l
o T'(z) =T(2) ¥(2) w 2 2 Ow (n—1)!

2 2 2
[ ] aI ( ) = N <22> (N) |:<—’Ly—> 1F1 <N+ 1,2 %) - l 1F1 <N,1, ’L—y>:|
az ala+1)22 3 1Fy(a,b; 2) ow 2 \w 2 w 2
° 1F1(abz)_1+gﬁ+b(b+1)§ $=%1F1(a+l,b+l;z) 5 ( ) N )
! L, (w,y wy (20 LWy
9 1F1(a,b; oo \1/ k * dy w 2 <w> N) 1By <N+172’ 2 )
ilebi) Z B wanRbs) o
=0
OF OF > = [0v, oI,
. E()w,y) _ éw,y) > U (w)n(w,y) + E(w,y) Y [ - (w) I (w,y) + ¥, (w )%]
e 01Fi(a,b;2)  01Fi(a,b;2) Oa  01Fi(a,b;2) Oz w w5 n=0 w w
ow o da ow 0z Cow
i 01Fi(a,b;2) y? . 01Fi(a,b;2) 0o %
I o 0] OBWD) P g (), ) + Bl ) 3 () D)
. oo w +k) ' _ ) 2 2 ) . 2 Y Yy n= n= Yy

o Nufilabiz) vy o (91' +1,2; w—y21>
[3] Caliskan et al. (2023a)



. - I 3 - T T
| l 2 f
5 3 \ } 4 10?
a b ; ! ]
; 0] Y
; | : \///
Il w
N 1L
>~
10°
10-1
geometric phase ® = 2wy geometric phase ® = 2wy

[4] Caliskan, Anil Kumar, et al. (2023b) 28/40



: ! 3F ' '
°F :
5 ' ? _ 4 102
E
: [ N/
2 | - \/
/| —2f
b N
_ 1/2 10°
107!

geometric phase ® = 2wy geometric phase ® = 2wy

[4] Caliskan, Anil Kumar, et al. (2023b) 28/40



r 31 ' '
6 l i
E 2
5 f | : : 1102
[ 1 '_
4 F 1 -
- [ [ \
i \i 0 - ) . 7 \,
: | g AY
2 F | o ‘
X A& Ly X
1 L \ .\\X,}_.‘.: —2 N
0 : I'| ‘ _3 -_ | | |
-~
| I®(¢,y) | |
) | / °
10-! 102
1073 100
103 102
q)l/z
10—7 ] ] ] ] 1 —4 ] ] ] 10—1
10”7 107 1073 10! 10! 10”7 107 1073 10! 10!

geometric phase @ = 2wy geometric phase ® = 2wy

[4] Caliskan, Anil Kumar, et al. (2023b) 28/40



Detectable (Sub)halo Mass
Range




Detectable Halo Mass Range
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Information Matrix Formalism
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Singular Isothermal Sphere with an Outside Boundary
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Thus, the truncation of the SIS profile is irrelevant in the range of potentially detectable values of ¥.
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