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Making you all experts on CMB 
internal (de)lensing 

• Why is this interesting scientifically?
• The quadratic estimate and beyond
• LenseFlow and the Bayesian sampling 

solution
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Measurements of the power spectrum of the lensing potential are 
becoming increasingly precise and will continue to do so. 

A powerful probe of gravity, structure formation, 
galaxy bias, neutrino masses, etc...

Expected in the next ~10 years from 
“CMB-S4” and others
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controls amplitude of tensor fluctuations

The most exciting possibility...
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Contamination

2.3 Sensitivity forecasts for r 17
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F igure 6. Theoretical predictions for the temperature (black), E-mode (red), and tensor B-mode (blue) 
power spectra. Primordial B-mode spectra are shown for two representative values of the tensor-to-scalar 
ratio: r = 0.001 and r = 0.05. The contribution to tensor B modes from scattering at recombination peaks 
at ` ∼ 80 and from reionization at ` < 10. Also shown are expected values for the contribution to B 
modes from gravitationally lensed E modes (green). Current measurements of the B-mode spectrum are 
shown for BICEP2/ Keck Array (light orange), POLARBEAR (orange), and SPTPol (dark orange). The 
lensing contribution to the B-mode spectrum can be partially removed by measuring the E and exploiting 
the non-Gaussian statistics of the lensing.

2.3 Sensitivity forecasts for r

Achieving the CMB-S4 target sensitivity of σ(r) ∼ 10−3 will require exquisite measurements of the B-mode 

power spectrum. It is expected that CMB-S4 will target the degree-scale recombination feature rather than 

the tens-of-degree-scale reionization feature (see Fig. 6), because these largest scales are dif cult to access 

from the ground due to atmosphere and sidelobe pickup (though some Stage-3 ground-based experiments 

are attempting this measurement, notably CLASS [24]). 

As can be seen from Fig. 6, the f rst requirement for this level of sensitivity to r is a substantial leap forward 

in raw instrument sensitivity. For ground-based bolometric detectors, which are individually limited in 

sensitivity by the random arrival of background photons, this means a large increase in detector count. The 

forecasts in this section use a baseline of 250,000 detectors operating for four years (or 106 detector years), 

dedicated solely to maximizing sensitivity to r. It will be necessary to split this total ef ort among many 

electromagnetic frequencies, to separate the CMB from polarized Galactic foregrounds. The forecasts here 

assume eight frequency bands, ranging from 30 to 270 GHz. Contamination from gravitationally lensed E 

modes must also be mitigated. While a precise prediction for the cosmological mean of the lensing B-mode 

power spectrum can be made and subtracted from the observed spectrum, there will be a sample variance 

residual between this prediction and the real lensing B modes on a particular patch of sky. To suppress 

this sample variance, it will be necessary to delens the B-mode maps with a prediction for the lensing“delens”theB-modemapswithapredictionforthelensing ”theB-modemapswithapredictionforthelensing

CMB-S4 Science Book

controls amplitude of tensor fluctuations

The most exciting possibility...
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Achieving the CMB-S4 target sensitivity of σ(r) ∼ 10−3 will require exquisite measurements of the B-mode 

power spectrum. It is expected that CMB-S4 will target the degree-scale recombination feature rather than 

the tens-of-degree-scale reionization feature (see Fig. 6), because these largest scales are dif cult to access 

from the ground due to atmosphere and sidelobe pickup (though some Stage-3 ground-based experiments 

are attempting this measurement, notably CLASS [24]). 

As can be seen from Fig. 6, the f rst requirement for this level of sensitivity to r is a substantial leap forward 

in raw instrument sensitivity. For ground-based bolometric detectors, which are individually limited in 

sensitivity by the random arrival of background photons, this means a large increase in detector count. The 

forecasts in this section use a baseline of 250,000 detectors operating for four years (or 106 detector years), 

dedicated solely to maximizing sensitivity to r. It will be necessary to split this total ef ort among many 

electromagnetic frequencies, to separate the CMB from polarized Galactic foregrounds. The forecasts here 

assume eight frequency bands, ranging from 30 to 270 GHz. Contamination from gravitationally lensed E 

modes must also be mitigated. While a precise prediction for the cosmological mean of the lensing B-mode 

power spectrum can be made and subtracted from the observed spectrum, there will be a sample variance 

residual between this prediction and the real lensing B modes on a particular patch of sky. To suppress 
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CMB-S4 Science Book

controls amplitude of tensor fluctuations

How to achieve this 
Fisher forecast 
performance in practice is 
an open question.

The most exciting possibility...
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2.3 Sensitivity forecasts for r

Achieving the CMB-S4 target sensitivity of σ(r) ∼ 10−3 will require exquisite measurements of the B-mode 

power spectrum. It is expected that CMB-S4 will target the degree-scale recombination feature rather than 

the tens-of-degree-scale reionization feature (see Fig. 6), because these largest scales are dif cult to access 

from the ground due to atmosphere and sidelobe pickup (though some Stage-3 ground-based experiments 

are attempting this measurement, notably CLASS [24]). 

As can be seen from Fig. 6, the f rst requirement for this level of sensitivity to r is a substantial leap forward 

in raw instrument sensitivity. For ground-based bolometric detectors, which are individually limited in 

sensitivity by the random arrival of background photons, this means a large increase in detector count. The 

forecasts in this section use a baseline of 250,000 detectors operating for four years (or 106 detector years), 

dedicated solely to maximizing sensitivity to r. It will be necessary to split this total ef ort among many 

electromagnetic frequencies, to separate the CMB from polarized Galactic foregrounds. The forecasts here 

assume eight frequency bands, ranging from 30 to 270 GHz. Contamination from gravitationally lensed E 

modes must also be mitigated. While a precise prediction for the cosmological mean of the lensing B-mode 

power spectrum can be made and subtracted from the observed spectrum, there will be a sample variance 

residual between this prediction and the real lensing B modes on a particular patch of sky. To suppress 

this sample variance, it will be necessary to delens the B-mode maps with a prediction for the lensing“delens”theB-modemapswithapredictionforthelensing ”theB-modemapswithapredictionforthelensing

CMB-S4 Science Book

controls amplitude of tensor fluctuations

How to achieve this 
Fisher forecast 
performance in practice is 
an open question.

The detailed accuracy of 
the “Fisher forecast” itself 
is also an open question.

The most exciting possibility...
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Quadratic estimator is 
suboptimal because it doesn’t 
use this information

How to reduce variance of the quadratic estimate?

The quadratic estimate:

optimal weights

I can reduce the total variance by 
“iteratively” delensing if:
● Lensed power > noise
● Lensed power > unlensed power

TT

EE

BB
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Iterating the quadratic estimate in practice:
(ie there is no such thing as “the iterated quadratic estimator”)

Calculating these optimal weights 
is now no longer simple / analytic

After first iteration, this noise is no longer 
analytic / diagonal in Fourier space

In practice, this heurestic 
procedure has only been used 
for forecasting
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Smith et al. (2010)

This method is:
● Not a Fisher forecast
● Validated at 10% by 

comparing against a table 
from Seljak & Hirata (2003)

● Which is itself approximate
● And does not achieve the 
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mean-squared error)

● Noise bias and error bars need to be computed via 
Monte Carlo of an expensive iterative computation

● Bias and error bars are cosmology dependent

Remaining challenges:
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● Neither MAP nor MLE estimators are “optimal” (w.r.t 
mean-squared error)

● Noise bias and error bars need to be computed via 
Monte Carlo of an expensive iterative computation

● Bias and error bars are cosmology dependent

Remaining challenges:

Shift due to 
accounting for 
cosmology 
dependence in 
Planck quadratic 
estimator analysis. 
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A difficulty:

We need the lensing 
determinant, 
to do this change-of-
variables.

Lensing potential
CMB “fields”

Data

Cosmo params
MM, Anderes, Wandelt (2017)

Lensing operator These depend on
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What is the determinant of lensing?

Matrix representation of 
for 16x16 1’ pixel TEB maps for 7th order 
Taylor series approximation
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Additionally, the variation of the determinant with is significant.

Consider the usual Taylor series lensing approximation:
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Define

One can show       obeys an ODE “flow” equation

This allows easy inversion, gradients, transposes, and 
the determinant can be made arbitrarily close to 1. 

LenseFlow
Consider the usual Taylor series lensing approximation:
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LenseFlow

More and more ODE timesteps

Taylor series lensing

More and more terms Remaining on-circle 
corresponds to determinant=1

LenseFlow Conceptually
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LenseFlow In Actionduring ODE integration

Errors are comparable to other methods
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LenseFlow In Actionduring ODE integration

Errors are comparable to other methods Determinant variation is negligible



73

With LenseFlow in hand, we 
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which we do in practice by 
coordinate descent:
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This is Gaussian, so can be done exactly / easily

Can be done via Hamiltonian Monte Carlo

For 1 or 2 params, can just grid and sample

In terms of sampling, the problem breaks up similarly nicely:
G

ib
bs



80r=0.05, EB data, 1μk-arcmin (isotropic, w/ knee), 3’ beams

Samples from the posterior of 𝜙 and unlensed E&B. 

This is Gaussian, so can be done exactly / easily

Can be done via Hamiltonian Monte Carlo

For 1 or 2 params, can just grid and sample

In terms of sampling, the problem breaks up similarly nicely:
G

ib
bs
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Allowing    to vary in the chain:

EB data, 1μk-arcmin (isotropic, w/ knee), 3’ beams, 25deg2

simulation truth
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Allowing    to vary in the chain:

● Gradient approximation not assumed
● No bias terms or covariances needed to be calculated (and none were 

ignored)
● Ongoing work comparing to Fisher forecasts (see MM+2018 in prep)

EB data, 1μk-arcmin (isotropic, w/ knee), 3’ beams, 25deg2

simulation truth

Stepping back and looking at these results:
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We can sample other parameters besides   , for example

Using a reparametrization inspired by Racine 
et al. (2016), we can massively decorrelate 
the chain and improve Gibbs convergence.

I am hopeful using tricks like these we can 
eventually sample the full theoretical 
bandpowers directly, providing a maximally 
convenient data product.
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LenseFlow is a new tool in 
the cosmologist’s toolbox

We’re currently working on 
applying to data from the 

South Pole Telescope
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Conclusions and future work

• Future challenges, like including foregrounds, non-
Gaussianities, and post-Born effects...

• Check out our code and run a sample Jupyter 
notebook in your browser: 
https://github.com/marius311/CMBLensing.jl

Delensing is important

LenseFlow is a new tool in 
the cosmologist’s toolbox

We’re currently working on 
applying to data from the 

South Pole Telescope
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