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Cosmological 

Framework

z = 0

t = 13.6 Gyr
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t = 0.21 Gyr

z = 5.7

t = 1 Gyr

z = 1.4

t = 4.7 Gyr

Millennium Simulation, Springel et al. 2005

flat   CDM UniverseΛ

Structures form by the 

growth of small 

perturbations in the 

density field 



Structure Formation 

Paradigm

“Gastrophysics”

baryonic processes involved

(far from a self consistent picture)

Dark Matter Halo Formation

Gravitational Collapse

(fairly well understood)
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Starburst Galaxy M82



Different Approaches

• Individual system

• e.g. lensing, kinematics, X-rays

• Ab-initio

• e.g. SAMs, numerical simulations

• Statistical 

• Halo Occupation Statistics

Analytical 

description



Halo Model
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(every dm particle resides in virialized halo)

  

M = 4π
3 (180ρ̄)r3

central and 

satellite galaxies



Weak 

Gravitational Lensing

small deformation of the background galaxy images
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Galaxy-Galaxy Lensing

The mass associated with galaxies lenses background galaxies

background sources lensing due to foreground galaxy

Lensing causes correlated ellipticities, the tangential shear, γt, which

is related to the excess surface density,∆Σ, according to

γt(R)Σcrit = ∆Σ(R) = Σ̄(< R) − Σ(R)

The mass surface density is a projection of the galaxy-matter cross

correlation, ξg,dm:

Σ(R) = ρ̄
R DS

0
[1 + ξg,dm(r)] dχ
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The mass associated with galaxies lenses background galaxies

background sources lensing due to foreground galaxy

Lensing causes correlated ellipticities, the tangential shear, γt, which

is related to the excess surface density,∆Σ, according to

γt(R)Σcrit = ∆Σ(R) = Σ̄(< R) − Σ(R)

The mass surface density is a projection of the galaxy-matter cross

correlation, ξg,dm:
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RdRToo few

 background galaxies

Shear                    

tells about 

dark matter distribution 

in the halo

BUT

Need to stack

many foreground 

galaxies

< ε > (R;R + dR) = γt(R)
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How to interpret the signal?

Stacking

Because of stacking the lensing signal is difficult to interpret

∆Σ(R|L) =
R

P (M |L)∆Σ(R|M )dM

∆Σ(R|M ) = (1−fsat)∆Σcen(R|M )+fsat∆Σsat(R|M )

P (M |L) and fsat(L) can be computed from Φ(L|M )

UsingΦ(L|M ) constrained from clustering data,

we can predict the lensing signal∆Σ(R|L1, L2)

Stacking according to an observed galaxy property 

(e.g. Luminosity)

Stacking Procedure

haloes of different  masses

central and satellite galaxies} Mixed together

Difficult interpretation



First Measurement

(Brainerd, Blandford & Smail @ 5m Hale Telescope, Palomar, 1996)
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required 

spectroscopic 

redshifts of the 

lenses

and 

photometric 

redshifts of the

sources

Things get better...

14 Sheldon et al.
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Fig. 14.— Mean ∆Σ in three luminosity subsamples for each of the 5 SDSS bandpasses. In each panel, circles connected by solid
lines(black), crosses connected by dotted lines(blue), and triangles connected by dot-dashed lines(red) represent measurements for the
lowest, middle, and highest luminosity subsamples. The data have been re-binned to 9 bins from 18 for clarity.
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Fig. 15.— Same as figure 14, but now plotting ξgm obtained by inverting ∆Σ. The highest luminosity bin shows significant deviation
from a power law.

∆Σ(R) = Σcritγt(R)

Σcrit = c2

4πG
DS

DLDLS

(Sheldon et al. @ Apache Point Observatory, New Mexico, SDSS, 2004)

20 Sheldon et al.

Table 1. Model Fits for Different Lens Samples

Sample Selection Criteria Mean Abs. Mag. Mean g − r NLenses r0 γ χ2/ν

All - -20.767 (1.455 ± 0.004) 0.629 127001 5.4 ± 0.7 1.79 ± 0.06 17.1/15
Red g − r > 0.7 -21.061 (1.908 ± 0.006) 0.753 60099 6.9 ± 0.8 1.81 ± 0.05 12.3/15
Blue g − r < 0.7 -20.477 (1.114 ± 0.004) 0.536 65134 4.0 ± 1.0 1.76 ± 0.15 5.97/6
Early ECLASS < -0.06 -21.036 (1.864 ± 0.006) 0.737 62340 7.3 ± 0.8 1.77 ± 0.05 16.9/15
Late ECLASS > -0.06 -20.474 (1.111 ± 0.004) 0.539 64378 3.3 ± 1.0 1.89 ± 0.17 7.18/6
Vlim −23.0 < Mr < −21.5 -21.854 (3.961 ± 0.012) 0.718 10277 5.1 ± 0.8 2.01 ± 0.07 24.6/15

0.1 < z < 0.174

Note. — Absolute magnitudes are r-band Petrosian M−5 log
10

h. Values in parentheses are luminosity in units of 1010h−2L".
The means are calculated using the same weights as the lensing measurement. The value of M∗(L∗) for the r-band is -20.83
(1.54). The r0 and γ are best fit parameters for ξgm = (r/r0)

−γ ; r0 is measured in h−1 Mpc. A value of Ωm = 0.27 was assumed.
For the “late” and “blue” samples, the data were rebinned from 17 to 8 radial bins.

Table 2. Luminosity Bins for All Galaxies

Bandpass Abs. Mag. Range Mean Abs. Mag. Mean g − r NLenses r0 γ χ2/ν

u -19.6 < Mu < -15.0 -18.515 (0.908 ± 0.002) 0.628 106585 5.5 ± 0.8 1.75 ± 0.06 13.5/15
- -20.0 < Mu < -19.6 -19.763 (2.864 ± 0.003) 0.639 12539 4.4 ± 0.8 2.04 ± 0.09 19.2/15
- -22.0 < Mu < -20.0 -20.318 (4.779 ± 0.020) 0.654 6270 6.9 ± 1.0 1.97 ± 0.07 26.3/15

g -21.0 < Mg < -16.5 -19.891 (0.956 ± 0.002) 0.623 106646 5.4 ± 0.9 1.75 ± 0.07 15.1/15
- -21.4 < Mg < -21.0 -21.188 (3.156 ± 0.004) 0.699 12546 5.0 ± 0.8 2.02 ± 0.08 12.7/15
- -23.5 < Mg < -21.4 -21.718 (5.145 ± 0.025) 0.734 6275 7.0 ± 0.8 2.03 ± 0.06 24.6/15

r -21.7 < Mr < -17.0 -20.544 (1.184 ± 0.003) 0.621 106643 5.4 ± 0.8 1.74 ± 0.07 15.9/15
- -22.2 < Mr < -21.7 -21.902 (4.137 ± 0.005) 0.726 12543 5.2 ± 0.8 2.03 ± 0.07 13.5/15
- -24.0 < Mr < -22.2 -22.463 (6.937 ± 0.026) 0.767 6274 7.5 ± 0.8 2.01 ± 0.05 30.9/15

i -22.0 < Mi < -17.0 -20.870 (1.446 ± 0.003) 0.620 106625 5.3 ± 0.9 1.74 ± 0.07 17.6/15
- -22.5 < Mi < -22.0 -22.232 (5.067 ± 0.006) 0.734 12544 5.1 ± 0.7 2.04 ± 0.07 19.3/15
- -24.0 < Mi < -22.5 -22.776 (8.368 ± 0.030) 0.772 6271 6.9 ± 0.8 2.06 ± 0.06 24.7/15

z -22.2 < Mz < -17.0 -21.069 (1.721 ± 0.004) 0.619 105975 5.3 ± 0.9 1.73 ± 0.07 16.8/15
- -22.6 < Mz < -22.2 -22.350 (5.599 ± 0.007) 0.725 12466 5.5 ± 0.8 1.97 ± 0.07 20.3/15
- -24.0 < Mz < -22.6 -22.881 (9.132 ± 0.032) 0.753 6236 6.6 ± 0.8 2.05 ± 0.06 22.1/15

Note. — Galaxies were split into three bins of absolute magnitude in each of the five SDSS bandpasses, as listed in column two.
See table 1 for explanations of the other columns. The value of M∗(L∗) is -18.34(0.77), -20.04(1.10), -20.83(1.54), -21.26(2.07),
-21.55(2.68) for u, g, r, i, z respectively.

Table 3. Luminosity Bins for Red Galaxies

Bandpass Abs. Mag. Range Mean Abs. Mag. Mean g − r NLenses r0 γ χ2/ν

u -19.6 < Mu < -15.0 -18.521 (0.913 ± 0.003) 0.752 51074 6.9 ± 0.9 1.77 ± 0.06 10.0/15
- -20.1 < Mu < -19.6 -19.791 (2.939 ± 0.005) 0.769 6008 5.6 ± 0.8 2.09 ± 0.07 21.6/15
- -22.0 < Mu < -20.1 -20.373 (5.026 ± 0.027) 0.789 3006 9.6 ± 1.1 1.96 ± 0.06 35.2/15

g -21.2 < Mg < -16.5 -20.112 (1.171 ± 0.003) 0.752 51084 7.0 ± 1.0 1.75 ± 0.06 9.46/15
- -21.6 < Mg < -21.2 -21.364 (3.712 ± 0.006) 0.773 6008 6.4 ± 0.7 2.04 ± 0.06 20.8/15
- -23.5 < Mg < -21.6 -21.841 (5.762 ± 0.025) 0.788 3006 8.9 ± 0.9 2.03 ± 0.05 40.2/15

r -21.9 < Mr < -17.0 -20.867 (1.596 ± 0.005) 0.751 51080 7.0 ± 1.0 1.75 ± 0.06 9.56/15
- -22.4 < Mr < -21.9 -22.140 (5.152 ± 0.009) 0.775 6008 6.6 ± 0.8 2.03 ± 0.06 19.0/15
- -24.0 < Mr < -22.4 -22.635 (8.127 ± 0.037) 0.793 3004 9.0 ± 0.9 2.03 ± 0.05 34.3/15

i -22.3 < Mi < -17.0 -21.240 (2.033 ± 0.006) 0.751 51078 6.9 ± 1.0 1.76 ± 0.06 10.1/15
- -22.7 < Mi < -22.3 -22.478 (6.354 ± 0.011) 0.776 6007 7.1 ± 0.9 1.98 ± 0.06 20.9/15
- -24.0 < Mi < -22.7 -22.946 (9.778 ± 0.043) 0.790 3005 8.4 ± 0.8 2.06 ± 0.05 35.0/15

z -22.4 < Mz < -17.0 -21.412 (2.360 ± 0.007) 0.751 50697 7.0 ± 1.0 1.75 ± 0.06 10.1/15
- -22.8 < Mz < -22.4 -22.563 (6.810 ± 0.011) 0.772 5962 5.4 ± 0.9 2.06 ± 0.08 8.99/15
- -24.0 < Mz < -22.8 -23.045 (10.61 ± 0.048) 0.782 2983 7.2 ± 0.9 2.09 ± 0.06 26.0/15

Note. — Same as table 2 but for red galaxies, defined as galaxies with g − r > 0.7.

Excess surface density

Broad 

Luminosity Bins



State of the art

r-band 

magnitude bin

Narrow 

luminosity bins

&

small

errors

(Seljak et al., SDSS, 2005)



Modelling g-g lensing

Σ(R) = ρ̄
∫ χS

0 [1 + ξg,dm(r)] dχ

Σ̄(< R) = 2
R2

∫ R
0 Σ(R′)R′dR′

∆Σ(R) = Σ̄(< R)− Σ(R)
Excess surface density

Surface density

Galaxy-dark matter 

cross correlation 

function 
} Excess of dark matter around a galaxy

(it can be modelled)



Source

Image

Integral

 along the line of 

sight



1-halo & 2-halo 

central
1-halo & 2-halo 

satellite

line

of 

sight

Galaxy-Dark Matter 

Cross Correlation



Modelling the stacking 

procedure

∆Σ(R|L) =
∫

Pc(M |L)∆Σc(R|M)dM

+
∫

Ps(M |L)∆Σs(R|M)dM

∆Σc(R|M)

ρdm(r|M)
Dark matter 

halo density

 profile

(NFW) 

∆Σs(R|M)

ρdm(r|M)⊗ ns(r|M)
Convolution of 

the halo density profile 

and the number density 

distribution of galaxies

The knowledge of 

the probability 

functions is 

required !!!



Probability Functions

Bayes’ theorem:

Ps(M |L)dM = Φs(L|M)n(M)
φs(L) dMPc(M |L)dM = Φc(L|M)n(M)

φc(L) dM

n(M)with the halo mass function (Warren et al. 2007)  

where

φc(L) =
∫

Φc(L|M)n(M)dM φs(L) =
∫

Φs(L|M)n(M)dM

Φs(L|M)

Φc(L|M)
Central and satellite term of the 

Conditional Luminosity Function



Conditional Luminosity 

Function

Φ(L|M) = Φc(L|M) + Φs(L|M)
Number of galaxies with 

luminosity L living in a 

halo of mass M

Galaxy-Galaxy Lensing 7

Figure 1. Text Here.

mass scale at which galaxy formation is most efficient. At
lower masses 〈M/L19.5〉M increases dramatically, indicat-
ing that galaxy formation is unable to make galaxies with
0.1Mr−5 log h ≤ −19.5 in such low mass haloes. At the high
mass end, the mass-to-light ratio also increases, though less
rapidly, indicating that some processes, possibly including
AGN feedback, cause galaxy formation to also become rela-
tively inefficient in massive haloes.

Finally, we have repeated the same exercise for the
WMAP1 cosmology, yielding an equally good fit to the data
(not shown here). The fact that both cosmologies allow an
equally good fit to these data, despite the large differences in
halo mass function and halo bias, illustrates that Φ(L) and
r0(L) alone allow a fair amount of freedom in cosmological
parameters (cf. van den Bosch, Mo & Yang 2003b). However,
as we will see below, the WMAP1 and WMAP3 cosmologies
predict significantly different signals for the galaxy-galaxy
lensing.

5 RESULTS

Our model predicts the excess surface density, ∆Σ, as a func-
tion of the comoving separation in the sky, R. We recall that
the procedure to calculate this quantity consists of four main
steps for every luminosity bin. We first calculate the 4 terms
defining the galaxy-dark matter power spectrum. They al-
ready encode all the physical information entering in our
model. We thus inverse Fourier transform the total power

spectrum:

ξg,dm(r) =
1

2π2

Z
Pg,dm(k)

sin(kr)
kr

k2 dk , (46)

obtaining the galaxy-dark matter cross correlation, ξg,dm(r).
By projecting it via eq. (4), we find the matter surface den-
sity, Σ(R), and by using its average inside R we calculate
the excess surface density, ∆Σ(R).

Fig. 3 shows ∆Σ(R) for the different luminosity bins
introduced in Table 1. The result is shown up to relatively
large scale such that the transition between one and two
halo is always displayed. Note that the brighter galaxies have
a higher and smoothly decreasing signal up to large scales
whereas the fainter galaxies show a more structured signal
clearly indicating transitions between the different terms. It
is clear that the signal increases from faint to bright galaxies,
reflecting the fact that brighter galaxies live on average in
more massive haloes. The convergence of all the lines at large
scales (R ∼ 30h−1 Mpc) highlights the idea that only the
average density of the Universe is probed at those scales.

Based on the split of the power spectrum into four
terms, we can define four terms for the ESD:

∆Σ(R) = ∆Σ1h,c(R) + ∆Σ1h,s(R)

+ ∆Σ2h,c(R) + ∆Σ2h,s(R) . (47)

To calculate each of this term, we apply the procedure al-
ready explained above: given the power spectrum, we in-
verse Fourier transform it, and via eq. (4) and (3) we obtain
the corresponding ESD. It is worth noticing that the single

c© 2008 RAS, MNRAS 000, 1–14

Luminosity 

Function

Correlation 

Length

assumed 

functional form 

with parameters 

constrained by



Probability Functions

Ps(M |L1, L2) dM = 〈Ns〉M (L1,L2)
ns(L1,L2)

n(M)dM

Pc(M |L1, L2) dM = 〈Nc〉M (L1,L2)
nc(L1,L2)

n(M)dM

faint

bright

〈Nc〉M (L1, L2) =
∫ L2

L1
Φc(L|M) dL

〈Ns〉M (L1, L2) =
∫ L2

L1
Φs(L|M) dL



Putting all together...

• Galaxy clustering used to constrain                           

the conditional luminosity function (CLF)

• The corresponding halo occupation statistics  

used to carefully model the lensing signal

• Theoretical predictions can be provided 

•  and directly compared with data



Results



NO FIT!!!

SIGNAL 

COMPLETELY 

PREDICTED 

BY CLF



WMAP1 WMAP3



CLF alone cannot constrain cosmology but ...

WMAP1 WMAP3



0.3

WMAP3

CLEARLY 

PREFERRED

Ωm
σ8

0.3 0.27
0.9 0.74

WMAP1 WMAP3

WMAP1 (χ2 = 22.6)
WMAP3 (χ2 = 1.7)

• hlnl



• G-G Lensing is a powerful technique to constrain the 

galaxy-dark matter relation

• The stacking procedure, required to achieve accurate 

measurements, complicates the physical interpretation

• The CLF provides a realistic model for the galaxy-dark 

matter connection 

• By using the CLF, the g-g lensing is modelled with 

great level of detail

• Predictions are in excellent agreement with SDSS data

• The joint analysis of galaxy clustering and g-g lensing 

can be used “to constrain” cosmology

Conclusions



Thanks


